GLOBAL SOLUTIONS FOR THE GRAVITY WATER WAVES SYSTEM IN 2D 



ALEXANDRU D. lONESCU AND FABIO PUSATERI 



Abstract. We consider the gravity water waves system in the case of a one dimensional interface, for suf- 
ficiently smooth and localized initial data, and prove global existence of small solutions. This improves the 
almost global existence result of Wu ||Wu09| . We also prove that the asymptotic behavior of solutions as time 
goes to infinity is different from linear, unlike the three dimensional case |GMS12a||Wul 1| . In particular, we 
identify a suitable nonlinear logarithmic correction and show modified scattering. The solutions we construct 
in this paper appear to be the first global smooth nontrivial solutions of the gravity water waves system in 2d. 
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1. Introduction 

1.1. The problem. The evolution of an inviscid perfect fluid that occupies a domain Of in (n > 2) at 
time t, is described by the free boundary incompressible Euler equations. If v and p denote respectively 
the velocity and the pressure of the fluid (which is assumed here to have constant density equal to 1), these 
equations are: 

{vt + v ■ Vv) = -Vp -gen x £ Qt 

V ■v = xGQt (E) 

v{0, x) = Vo{x) X £ ^Iq , 

where g is the gravitational constant, which we will assume to be 1 from now on. The free surface St := dQ,t 
moves with the normal component of the velocity, and, in absence of surface tension, the pressure vanishes 
on the boundary: 

dt + v-V i& tangent to \J^ St C M"+i 

p{t, x) = , xe St. ^ ' 
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In the case of irrotational flows, i.e. 

curl7; = 0, (1.1) 

one can reduce (lETi- dBCI ) to a system on the boundary. Although this reduction can be performed identically 
regardless of the number of spatial dimensions, we only focus on the two dimensional case which is the one 
we are interested in. Assume that Qt C is the region below the graph of a function /i : Mj x Rj, — M, 
that is fit = {(x, y) e '■ y < h{t, x)} and St = {{x, y) y = h{t, x)}. Let us denote by <I> the velocity 
potential: V$(t, x, y) = v{t, x, y), for {x, y) G fij. If (f){t^ x) := <I>(t, x, h{x, t)) is the restriction of <I> to the 
boundary St, the equations of motion reduce to the following system for the unknowns /i, : x M^; — >■ M: 

dth = G{h)(t> 



dt^ = -h - ^\ci)x\^ + 



2(1- 



{G{h)cP + hM' 



with 



G{h) := ^Jl + \hx\'^M{h) 

where J\f{h) is the Dirichlet-Neumann operator associated to the domain Qf 
Neumann operator for small perturbations of a flat surface one arrives at 

dth= \dx\ct) - d:„{hdx4>) - \da:\{h\da:\4>) 



(1.2) 



(1.3) 

Expanding the Dirichlet- 



+ Ri 



(1.4) 



-h 



+ i?2 



where Ri and R2 are terms of order 4 and higher in h and (j). We refer to IISS99I chap. 1 1] or IICS931 for the 
derivation of the water wave equations (11.21 ) and (ll.4l i. 

Another possible description for (lEli- dBCI l can be given in Lagrangian coordinates again by deriving, in 
the case of irrotational flows (11.11 ). a system of equations on the boundary St- More precisely, following 
IIWu09l . let z{t, a), for a S M, be the equation of the free interface St at time t in Lagrangian coordinates, 
i.e. zt{t,a) = v{t, z{t,a)). Identifying with the complex plane we use the same notation for a point 
z = {x, y) and its complex from z = x + iy. We will then denote 1 = x — iy {x, —y). The divergence 
and curl free condition on the velocity v imply that v is holomorphic in fi^. Therefore zt = TizZt, where 
Tiy denotes the Hilbert transform along a curve 7: 

fit, 13) 



(1.5) 



7(i,a) -7(i,/3) 

The vanishing of the pressure in (IBCI ) implies that Vp is perpendicular to St and therefore —Vp = iaza, 
with a := Since ztt{t, a) = {vt + v ■ Vv) [t, z{t, a)), one see that (|El)- (|BCI )-(fT7T]) in two dimen- 

sions are equivalent to 



ztt + i = iaza 
Zt = T~izZt ■ 



(1.6) 



In ||Wu97i Wu was able to reduce this fully nonlinear system to a quasilinear one, and to exploit the weakly 
hyperbolic structure of the new system to obtain local-in-time existence of solutions in Sobolev spaces by 
energy methods. EarUer results for small initial data in two dimensions were proven by Nalimov IINA74II and 
Yosihara IIYQ82II . In IIWu99ll Wu was also able to prove local existence for the three dimensional problem 
(two dimensional interface). Following the breakthrough of IIWu97[ rWu99ll . there has been considerable 
amount of work on the local well-posedness of (lEt- dBCI ). also including other effects on the wave motion, 
such as surface tension on the interface or a finite bottom. We refer the reader to HABZllI IAM03I IBG98I 
ICLOOl En05[ ILan05l IShZ12ll for some of the works on the local well-posedness of (|E]). Recently, blow-up 
"splash" solutions have been constructed, see BCCFGGII and references therein. 
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The question of existence of global-in-time solutions for small, smooth, and suitably localized data, has 
also received attention in recent years. In the case of one dimensional interfaces, the only work investigating 
the long time behavior of small gravity waves is that of Wu HWu09ll . who was able to show almost global 
existence of solutions for (11.61 ). To do this, the author proposed some new unknowns, which we denote by 
F, and a fully nonlineai^ change of coordinates, reducing (11.61 ) to a system of the form 



d^F + idaF = G (1.7) 

where G are quasilinear nonlinearities of cubic and higher order with suitable structure. Thanks to the 
cubic nature of this new system Wu was then able to perform (almost optimal) energy estimates and obtain 
existence of solutions up to times of order e^/^, where e is the size of the initial data. For two dimensional 
interfaces, Germain, Masmoudi and Shatah IIGMS12all and Wu HWulll obtained instead global solutions. 
The result of IIGMS12all relied on the energy method of UShZOSI IShZ12ll and on the space-time resonance 
method introduced in HGMSOQL In HWullI the author used instead a three dimensional version of the 
arguments of [iWu091 to derive a set of equations similar to (11.71 ). perform weighted energy estimates on 
them, and obtain decay via — L°° type estimates. Recently, Germain, Masmoudi and Shatah IIGMS12bll 
obtained global solutions in three dimensions for capillary waves, i.e. with surface tension on the interface 
and no gravitational force. 

Here we are interested in the gravity water waves system (lEt- (IBCI )- (ll.ll) in the case of one dimensional 
interfaces which are a perturbation of the flat one, and initial velocity potentials which are suitably small in 
an appropriate norm. We aim to prove the existence of global-in-time and pointwise decaying solutions, and 
determine their asymptotic behavior as t — oo. We will use the same cubic equations and the same energy 
functional derived in IIWu09ll to obtain energy estimate on solutions expressed in Lagrangian coordinates. 
In particular, we will improve the estimates of IIWu091 to ensure control of high order Sobolev norms and 
weighted norms for all times, provided that solutions decay at the linear rate of We instead use the 

Eulerian formulation (ll.4l i to prove the necessary decay. In order to do so, we follow in part the strategy of 
IIGMS12all and refine some of the analysis peifoiTned there. We then apply the strategy used in our previous 
paper IIIPul2ll . where a simpler model for a fractional Schrodinger equation with cubic nonlinearities was 
analyzed. This allows us to identify a suitable nonlinear asymptotic coiTcction to the solution expressed in 
Eulerian coordinates, and obtain modified scattering as a consequence. We refer to section [T3] for a more 
detailed discussion about these aspects, and to section |2]for a description of the strategy of our proof. 

1.2. Statement of results. 

1.2.1. Spaces. FixQ Nq = 10^ and define Ni := ^ + 4. Let S = \tdt + ada be the scahng vector field 
and define the space: 

Xk := {/ : WfWx, ■■= \\f\\H>^ + \\Sf\\^^ < oo} . (1.8) 

Xnq will be the weighted Energy-space for the solution, expressed in some appropriate modified Lagrangian 
coordinates, as well as in Eulerian coordinates. Given the height function h and the velocity potential in 
Eulerian coordinates, we define the space Z' by the norm 

\\{h{t),cj){t))\\z, := ||/i(t)||vKiVi+4.co + ||A(/>(t)||^iv,+4,oo , with A := \d^\^ . (1.9) 

This is the decaying norm the we will estimate. Decay of this norm at the rate of t^^/^ will give us a small 
global solution to the water wave problem. We also defined the space Z given by the norm 



(1.10) 



We assume a large number of derivatives mostly to simplify the exposition. However one can likely reduce this number to, say, 
A'^o between 10 and 100 by a slightly more careful analysis. 
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where /3 = 1/100, and 

JR 

is the partial Fourier transform in the spatial variable. This space plays a key role in obtaining decay and 
scattering for the solution expressed in Eulerian coordinates. 

1.2.2. Main Theorem. We aim to prove the following Theorem: 

Theorem 1.1. Let ho^x) = h{0,x) be the initial height of the surface Sq, and let (j)Q{x) = (j){Q,x) be the 
restriction to Sq of the initial velocity potential. Assume that at the initial time one has 

\\{ho,A(j)o)\\HNo+2 + \\xdx{ho,A<j)o)\\ + ||/io + ^A(/)o||^ < eo , (l.Ua) 

where Z is defined in (11.101) . Moreover, for x G f^o vq{x) = u(0, x), where v is the irrotational and 
divergence free velocity field ofthefiuid, and assume that 

\\\x\Vvo\\ No <eo. (l.Ub) 

Then there exists Eq small enough, such that for any Eq < Eq, the initial value problem associated to (11.21) 
admits a unique global solution with 

||(Mt),Ac/.(t))||^^^ <eo(l + ir (1-12) 
ll(Mt),0(i))IU'<^=- (1-13) 

where pq is a small positive number. Furthermore, this solution scatters in a nonlinear fashion as described 
in Proposition 12. 6\ below. 

1.2.3. Conditions on the initial data. The first norm in (II. Hal ) ensures that our initial data is small and 
smooth in Sobolev spaces of high regularity. Notice that we are assuming that the interface, given by the 
graph of h, as well as half derivative of the velocity potential are small. This is consistent with the conserved 
energy (and Hamiltonian) 

EQ{h,(p) ■=\j (f>G{h)(l)dx + ^ j h'^dx 

for solutions of (11.21 ). In three dimensions, global solutions have been constructed in HWullll only under 
assumptions about the smallness of hx and (jix, but the almost global solutions of ||Wu09i in two dimensions 
have small energy Eq. The second norm in (11.1 lab , properly evolved in time, gives some control of certain 
weighted norms of the solution. However, due to the (super) critical nature of the problem, and to the long 
range nonlinear- effects, this control is not uniform in time, and does not suffice to ensure the necessary 
decay. We will comment more on this aspect in section 11.31 below. The third condition in (II. Hal ) is the 
smallness of h and Kef) in the Z-norm defined in (11.101 ). It essentially reduces to assuming that the Fourier 
transform of h + iA(p is in L°°(|^|^dO, for /3 > 0. Controlling the Z -norm of the evolution uniformly 
in time is crucial to obtain decay by applying a phase correction to the solution. Furthermore, modified 
scattering follows as a consequence of the uniform estimates on the Z-norm. Finally, (ll.llbl ) is similar- to a 
condition imposed by Wu in ||Wu09| . We use it as in the cited paper to guarantee that the energy functional 
on which energy estimates are based is small at time t = 0. 

1.3. Main ideas in the proof. If one is interested in the long-time existence of small smooth solutions to 
quasilinear dispersive and wave equations, such as (ll.2l i or (11.61 ). there are two main aspects one needs to 
consider: controlling high frequencies and proving dispersion. The first aspect is generally connected to 
the construction of high order energies which control the Sobolev norm of a solution. The second aspect 
is related to decay estimates, and to estimates of weighted norms. When dealing with the water waves 
system both of these aspects are extremely deUcate. 
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1.3.1. Supercriticality, energy estimates and normal forms. The general strategy for obtaining a global 
small solution usually starts with local-in-time energy estimates. The aim of the energy method is to con- 
struct an energy functional E{t) such that 

E{t) \W{t)\\]iN and ^^E{t) < E{tf/\ (1.14) 

Here, the power 3/2 is dictated by the quadratic nature of the nonlinearities in (11.21 ) or (11.61 ). The estimates 
(11.141 ) are often the key ingredient in obtaining local solutions, and for initial data of size e they give ex- 
istence for times of order 1/e. We remark here that the construction of an energy satisfying (11.141 ) for the 
water waves system is particularly challenging. Nevertheless it has been done in several works, such as the 
already cited OABZl II lBG98l ICCOOl iLiiiOgl ILan05l rShZ12[ IWu97l IWu99L thanks to considerable insight 
into the structure of the equations. 

To extend a local solution for longer times one needs to engage the dispersive effects of the equation. One 
possibility is to try to upgrade (I1.14l i to 

\Ht)\\lN + \\u{t)\\l,<E{t) and ±E{t)<^E{t), (1.15) 

provided the solution decays like t~'^ in some L°° -based space. The W-norm in (11.151 ) is supposed to 
encode some information about the localization of the flow. In the best case scenario a bound of the form 
ll^(*)llvK ^ ^ implies the desired t""- decay. Thus, if one can prove (|1.15l l with a > 1 small solutions will 
exist globally and scatter to a linear solution. If a = 1 solutions will automatically exist almost globally 
and further analysi^ is needed in this critical case to show global existence and detemiine the asymptotic 
behavior. If a < 1 the problem of global existence and scattering is much more difficult. This case is 
referred to as scattering supercritical and it is the case of the 2d water waves problem, since solutions of the 
linear equation idtu — An = 0, A = |(9a;|^^^, decay at the rate 

One possibility to compensate for the weak linear decay - or the strength of the quadratic nonlinearity - 
consists in trying to convert the quadratic equations into cubic ones. To explain one possible way of doing 
this, let us look at the system expressed in Eulerian coordinates (11.41 ). Defining u := h + iA(p, (11.41 ) can be 
reduced to a scalar equation of the form 

idtu — Au = Q{u,u) + C{u,u) + R{u,u), (1-16) 

where Q is a quadratic expression in u and u, C denotes cubic terms and R denotes quartic and higher 
order terms. Q,C and R in ( 11.161 ) aie determined by the nonlinearities in (11.2) . It is well known, see 
for example IICra961 ICW95I lGMS12al . that the gravity water waves equations (11.161) present no quadratic 
resonances, in the classical sense of dynamical systems or, equivalently, they are time non-resonant in the 
sense of IIGMS09[ IGMS12all . One can then find a bilinear change of unknowns u ^ v := u + B{u,u), 
called normal form transformation [|Sha851 . such that the new unknown v satisfies an equation of the form 

idtv — Av = C{v,v) + higher order terms , (I.IV) 

where C is a cubic nonlinearity. One would then hope to exploit the cubic nature of the nonlinearity to 
construct an energy E{t) such that (11.151 ) can improved to 

MmlN + \\v{t)\\l<E{t) and ±E{t)<^E{t)- d-lS) 

Since a = 1/2 in our problem, we would then have reduced matters to a critical, rather than supercritical, 
situation. However, given the quasilinear nature of (II. 161 ). the standard bilinear- transfonnation of IICra961 
and IIGMS12all seems to destroy the structure that allows energy estimates like (11.181 ). In the case of a two 
dimensional interface, this difficulty was overcome by Germain, Masmoudi and Shatah in ||GMS12al by 

^ Examples of such analysis are the classical vectorfields method of Klainerman IKla85allKla86ll . or the more recent space- 
time resonance method |GMS09llGMS12al . See also |GNT09llHPS72llIPal lllIPal2l for recent global regularity results for other 
physical systems. 
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exploiting the stronger linear decay, and the fact that energy estimates can be proven separately via a 
different fomiulation of the equations UShZOSI fShZllll . Thus, in IIGMS12all the normal form was needed 
only to prove decay, but not to control high Sobolev norms. 

In the work of Wu HWulll global existence of small gravity water waves in 3d was obtained by a dif- 
ferent approach. In the cited work, as well as in her earlier work ||Wu09ll on the two dimensional problem, 
the author relied on a nonlinear version of a normal form transformation. Starting from the Lagrangian 
formulation (11.61 ). Wu proposed some new quantities, and a diffeomoiphism depending fully nonlinearly on 
the solution, such that the set of equations obtained in the new coordinates admit a certain type of energy 
estimates. These latter, combined with — L°° estimates a la Klainerman IKla85all . gave the almost global 
existence result in 2d IIWu09l and the global existence result in 3d BWulll . 

It is important to point out that in the two dimensional case the energy estimates in IIWu09ll are not 
sufficient to control the increment of high Sobolev norms for all times. To be more precise, let us denote 
by F the new transfomied unknowns satisfying cubic nonlinear equations like (11.71) . In IIWu09ll the author 
proves the following type of energy estimates: 

WmfuN + \\F{t)\\l, < E{t) and j^E{t) < ||F(t)|| J^^,^ Eit) \ogt + ^E\t) . (1.19) 

Since F{t) can decay at most like one sees that ( 11.191 ) can at best guarantee that E{t) < as long as 

log t < One of our goals will then be to improve (11.191 ) by eliminating logarithmic losses. We will use 
the same approach of IIWu09ll . and the same equations derived there, to show an estimate of the form 

+ \\F{t)\\l, < Fit) and < F{t) , (1.20) 

JV 

for some L°° based space Z^o which is stronger than W 2 Such an estimate is achieved by carefully 
analyzing the singular integrals (Calderon commutators) appearing in the cubic nonlinearities, and exploiting 
special structures present in some of them. Another crucial point is that in order to justify the existence of 
the new unknowns F, and hence of the energy E, for all times t, we need an appropriate a priori control 
on Wu's change of coordinates. This is obtained by taking advantage a certain null structure present in the 
transformation. 

1.3.2. Dispersion and asymptotic behavior. Thanks to (11.201 ) one can guarantee E{t) ~ e^t^^", for any 
fixed po > 0, and for all t G [0, 00), provided < However, since E(t) is forced to grow 

in time, although just slightly, one cannot obtain the desired a decay through — L°° estimates like those 
in ||Wu09l . Our idea is then to use the Eulerian formulation of the equations (11.21) for the purpose of proving 
decay and scattering. 

If h and cp are the Eulerian unknowns appearing in (11.21 ). we show that the energy satisfying (11.201 ) controls 
h and 4>^ in H^' and in S-'^H^'/'^ for some N' sufficiently large. Here S = ^tdt + xdx is the scaling 
vector field. Moreover, we show that decay for h and A(p implies the decay of the Z^o norm in (11.201 ). We 
then aim to obtain decay of u = h + iAcj). 

Starting from the equation (11.161 ) for u we transform it into the equation (11.171 ) through a bilinear normal 
form, as already described above. Disregarding higher order terms for the sake of exposition, we are then 
reduced to study an equation of the form 

idtv - Av = C{v,v) , (1.21) 

where C is a nonlocal cubic nonlinearity depending on all possible combination of v and v and some of 
their derivatives. Using the special structure of the quadratic transformation and of the equation (I1.211 ). we 
first improve some of the bounds provided by the energy estimates. We then notice that since decay is only 
needed for a much lower number of derivatives of the solution than those controlled by the energy, proving 
decay for a solution of (11.211 ) is essentially equivalent to proving decay for 

idtw — Aw = co\w\'^w + ciw^ + C2ww'^ + c^w^ , (1-22) 
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where cq S M and ci, C2, C3 G C. This simpler model was already studied by the authors in IIIPul2i In this 
latter work we developed a simple idea, already employed by second author and Kato IKPllH in the context 
of NLS equations, and used Fourier analytical tools to show global existence and modified scattering for 
solutions of (I1.22I ). More precisely, we identified the leading order term in the nonlinearity of (ll.22t via a 
stationary phase argument, and removed it by applying a phase correction to w. This allowed us to bound 
uniformly w and obtain a decay for w, as well as modified scattering By properly adapting the 
arguments and the slightly different norms used in IIIPul21 . using again some additional structure of the 
cubic nonlinearities, we are able to show decay for solutions of (I1.17I ). This in turn gives decay for u and 
closes the argument. 

1.3.3. Plan of the paper. In section |2] we give the strategy of our proof through Propositions 12. 1||231 In 
section [3] we prove the main Theorem 11.11 assuming these Propositions. In section |4] we state Propositions 
l4.1H4.4l and show how they imply the decay and the control of lower Sobolev norms stated in Proposition 12. 5 1 
Propositions 14. 1 Pr4l aie then proved in sections |5]and|6] In|2]we start by describing the change of coordinates 
used by Wu in IIWu09ll . the cubic equations obtained there, and the associated energy functional. We then 
proceed to show Proposition 12.21 i.e. that the change of coordinates used is a diffeomorphism, on any time 
interval where one has a small solution satisfying certain a priori bounds. In section [8] we prove the energy 
estimates contained in Proposition 12.31 via Propositions 18. 1H8.31 These are later proved in the appendix, in 
sections IB.1HB.3I The transition of energy norms to Eulerian coordinates is done in section |9j where we 
prove Proposition 12.41 In appendix |A] we first give some variants of the estimates used in ||Wu09l that are 
compatible with our energy estimates. Section lAT2] contains some estimates for singular integral operators of 
"Calderon commutators" type that are used in the course of the energy estimates. The full energy argument 
is then performed in the appendix |B] In Owe calculate the resonant contribution of the cubic nonlinearities 
in Eulerian coordinates, after the application of the normal form. This is needed to relate the water waves 
equation in the form (11.171 ). to the model (11.221 ). Finally, in appendix O we give some estimates on the 
Dirichlet-Neumann operator and treat the higher order remainders in (11.171 ). 

2. Strategy of the proof 

The proof of Theorem 11.1 I relies on a set of different Propositions. In each subsection below we state one 
of these key Propositions and make some comments. 

2.1. Local Existence. Our strategy for controlling high Sobolev norm of solutions relies on the energy 
method of Wu ||Wu09ll . which is developed starting from the Lagrangian formulation of the problem. There- 
fore we begin by describing the local existence theory in Lagrangian coordinates. Assume that at the initial 
time the interface 5*0 is given by the graph of a function /iq : M — ^ R, with ho{a) — )■ as |a| — )■ 00. Let 
zo{a) = a + i/io(a) be a parametrization of Sq C C. Assume that for some fi > 

\zoia) - zo{P)\ > fJ.\a - P\ Va, /3gM. (2.1) 

Let z = z{t, a) be the equation of the free surface St at time t, in the Lagrangian coordinate a, with 
z{0, a) = ZQ{a). The following local existence result holds: 

Proposition 2.1 (Local existence in Lagrangian coordinates HWuOQI Theorem 5.1], IIWu97ll ). Let N > Abe 
an integer. Assume that 

||9^(za(0)-l,zt(0),5„zt(0))||^,/, + ||(a^(ztt(0),5„ztt(0))||^2 < eo • (2.2) 

o<i<A' 



■ There are several examples in the literature of dispersive equations whose solutions do not behave linearly at infinity and in 
particular require phase corrections to scattering. See for instance IOza9 1 1 IHN98I iDelO 1 1 and references therein. 
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Then there exists a time T > 0, depending only on the norm of the initial data, such that the initial value 
problem for (11.61 ) has unique solution z = z{t, a) for t G [0, T], satisfying for all j < N 

di iz^-l,zt, dazt) G C ([0, T],H^/\R)^ 
di{ztt,daZtt)(^C{[0,T],L^' 



and \ z{t, a) — z{t, /3)\ > iy\a — f3\,for all a, f3 £ t £ [0, T], and some i' > 0. 

Moreover, one has the following continuation criterion: ifT* is the supremum of all such times T, then 
either T* = oo or 

a- 13 



sup ( V \\diztt{t)\\L2 + \\cP^Zt{t)\\Hi/2 + SUV 



z{t, a) — z{t, 13) 



oo . (2.3) 



Given N = Nq, and a local solution on [0, T], we aim to extend it to a global one. The starting point is 
the following a priori hypothesis: there exists ei <^ 1, to be later determined depending on sq, such that 

If the above hypothesis can be verified a priori, it will follow that (12.31 ) is violated and therefore the solution 
is global. 

Under the a priori assumption (ILOI i. we have that Rez is a diffeomoiphism on [0, T]. We can then relate 
the graph of the water wave h{t, x) in Eulerian coordinates x, to the imaginaiy pait of the Lagrangian map 
z{t, a) via the following identity: 

h{t, Rez{t, a)) = lmz{t, a) . (2.4) 

Similarly we have the relation 

Rez{t, a)) = ip{t, a) (2.5) 

between the trace of the velocity potential <^ in Eulerian coordinates, i.e. cj), and in Lagrangian coordinates, 
i.e. Tp. As explained below, we will work with the Eulerian unknowns h and (p to show decay and scattering 
of solutions. In order to do this we make the following a priori assumptions: 



sup 

[0,T] 



where X^^ is defined by (11.81 ) and Z' is defined in (11.91 ). 



< £i , (EO) 



2.2. The good Lagrangian coordinates and the transformation k. Given a local solution z on [0, T] one 

can define a change of coordinates k as in IIWu09ll . to obtain cubic equations amenable to energy estimates. 
The explicit form for k is given in ( 17. 2b . and is the same used by Totz and Wu in ||TW12i . As long as this 
transformation k is a. well-defined diffeomorphism, one can associate to the Lagrangian map z a modified 
Lagrangian map = z o k~^, and the following vector associated to the new coordinates: 

L{t,a) := (Ca(t, a) — I, u{t, a) , w{t, a) ,lm({t, a)) , (2.6) 

with 

( := z o k~^ , u := zt o k^^ , w := Zu o k~^ . (2.7) 

We then want to perform energy estimates to control the ^ATg-norm of L. However, to ensure that these new 
unknowns are always well-defined, we first need to show that the change of variables A; is a diffeomorphism 
for all times t € [0, T]. Therefore, in section |7!2] we prove the following: 
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Proposition 2.2 (Control on the diffeomorphism k). Let k be defined by (17.21 ). and assume 

II^q(O) — l||jyJVo/2+l,cx) < Ceq , (2.8) 

for some positive constant C. Assume a priori that 

sup \\ka{t) - l||p^.iVo/2+i,oo < ^ , (Bl) 

[o,r] ^ 
Then, under the assumption (lEOI) above and (IL1I )- (IL2I ) below, one has 

sup ||/CQ,(t) — 1 II j^JVq/2+1,oo < Ceo + Cp,el . (2.9) 
[0,T] 

It follows that k is a diffeomorphism for all times t G [0, T]. 

The proof of the above Proposition relies crucially on the exploitation of a special null structure present 
in the transformation k. 

2.3. Energy Estimates in the modified Lagrangian coordinates. Given the modified Lagrangian coor- 
dinates L we proceed as done by Wu in ||Wu09ll and write a set of equations for some "good unknowns" 
related to L. These "good unknowns" are defined in (17. 61 ). (17. 71 ) and (17.81 ). and they satisfy equations with 
cubic nonlinearities, see (|7.91| )- (|7.96l ). One can then associate to these equations an energy functional E{t), 
see section 17^ Using several estimates for some classes of singular integral operators (section \AJ] and ex- 
ploiting some special structure of these equations, we are able to control in an optimal fashion the evolution 
of E{t). In particular we prove the following energy estimates: 

Proposition 2.3 (Energy estimates for the modified Lagrangian variables). Let L G C{[0,T], H^°) be 
defined by (12.61) . Assume a priori that (lEOI) holds and 

sup {l + trP^^\\L{t)\\x <ei, (LI) 
te[o,T] " 



sup 

te[o,T] 

Then, if 

for t G [0, T], the following holds: 



< ei . (L2) 



\L{t)\\HN,+, + ^/l+t\\L{t)\\y^N,.,^ 

VlTt\mt),(l){t))\\z,<ei (2.10) 



\\L{t)\\^^^<Ceo + Cp,El{l + tY^^ (2.11) 

whenever (11.1 11 ) is satisfied with £q sufficiently small. 

The proof of the above Proposition is divided into three main steps given by Propositions 18.11 18.21 and 
18.31 These are stated and used to prove Proposition |2.3| in section |8] Propositions 18.11 18^ and |83] ai'e then 
proved in sections IbTTI IB .2 1 and IB . 3 1 respectively. 

2.4. Energy bounds in Eulerian coordinates. The next step consists in translating the bounds given by 
the energy estimates in terms of the modified Lagrangian coordinates, to bounds the norms of the Eulerian 
variables h and dx4>- 

Proposition 2.4 (Transition to Eulerian coordinates). Assume again that (lEOI ). (|L1I) and (|L2I) hold. Then, 
the Eulerian unknowns (h, <j)) satisfy 

\mt),d.Am\x^<\\L{t)\\x^^ (2-12) 
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and 

\\L{t)\\HN,+, < \\{Ht),d.(l)m\H^i+^ (2-13a) 

\\m\\w^i--^\\iHt),<Pm\z'- (2-13b) 
The proof of Proposition |2.4| is given in section |9] 

2.5. Decay in Eulerian coordinates. Assuming control of high Sobolev norms and of the weighted norm of 
the Eulerian unknowns - which is guaranteed a priori by (12.121 ) and ( 12.1 11 ) - we use the Eulerian formulation 
of the equations to show the decay of the Z'-nonn and bound lower Sobolev norms: 

Proposition 2.5 (Control of dispersive and lower Sobolev norms). Assume that (lEOb holds for some £i <^ 1. 
Then, we have 

sup ^/^T^||(M^), </>(*)) lU' <^^o + Cp,e?. (2.14) 

[0,T] 

and 

<Ce^ + Cp,el (2.15) 

for £i sufficiently small. 

In order to prove the decay of the Z'-norm (12.141 ) we will perform a normal form transformation in ( 11.41 ). 
A crucial step then consists in applying a phase correction to the transformed solution, and estimating it in 
the auxiliary Z-norm defined in (ll.lOl i. The detailed strategy for the proof of Proposition |2.5| can be found 
in section m and relies on Propositions 14. 1 1|44] which are proven in sections |5] through |6] 



2.6. Scattering in Eulerian coordinates. As a consequence of the proof of Proposition 12.51 and in partic- 
ular of the arguments in the proof of Proposition 14.41 we will obtain the following modified scattering for 
solutions of the water waves system in Eulerian coordinates: 

Proposition 2.6 (Modified Scattering). Let u{t) := h{t) + iA(p{t), with A := \dx\K and f(t) := e'^^u^t). 
Define 



Jo 



\m,s) 



, ds 
s + 1 



tG[0,T]. 



Then there is pi > such that 

(1 + hr (1 + [e'''^^'''^m,t2) - e^^«'*^)/(e,ti)] 



1- 



(2.16) 



for any ti < t2 £ [0, T]. In particular, it follows that the global solution possesses the following modified 
scattering behavior: there is pi > and Woo G with the property that 

|4 



sup {l + t)P' 

te[o,oo) 



exp t 



vr 



2 ds 
S + 1 



(2.17) 



3. Proof of the main Theorem 

Under the assumptions on the initial data dl.lll ) we can use Proposition 12.11 to obtain a local solution 
z{t, a), for t € [0, T]. We assume a priori that (ILOl i holds for ei = £q^^, i.e. 

sup ( wdi^ttmL^ + wdiztim^i + wz^it) - ih..) < ■ (3.1) 
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We then consider h and (/> given by (12.41 ) and (I2.5I ). and assume (lEOI ) witli the same choice of ei, that is 

sup(l + t)-P«||(/i(t),0,(t))||. <ef , (3.2) 

[0,T] ° 

sup^/rTt||(/i(t),<^(t))||^, <eo^'. (3.3) 

[0,T] 



Given k as defined in (17.2b . one can easily verify that (12.81 ) holds true under the assumption on the initial 
data dl.l II ). Thus, owing to Proposition 12. 2[ we know that k{t, •) is a well defined diffeomorphism for all 
t G [0, T]. We can the define then modified Lagrangian coordinates L{t) as in ( |2.6l )-( |277l ) for all t G [0, T], 
and assume a priori (|Lll i- (|L2l i with the same choice of ei as above, that is 

sup (l + t)-«'||L(t)||^ <eJ/^ (3.4) 
te[o,T] " 

sup \\L{t)\\jjN^+5 < el^* , (3.5) 
ie[o,r] 

sup Vl + t\\L{'t)\\w'^i'°° - ^0^'^ ■ (3-6) 
ie[o,T] 



Under the assumptions (I3.4I )- (I3.6I ) and (13.31 ) we can use Proposition |23]to conclude that 



This shows 



sup (l + t)-P«||L(t)||. <eo. 

tG[0,T] " 

which is a stronger bound than the a priori assumption (13.4) . for eo small enough. Combing this bound with 
the conclusion (12.121 ) in Proposition 12 .4 1 we see that a bound stronger than (I3.21 i also holds true. 
Applying successively (I2.13al ) in Proposition I2.4l and (12.151 ) in Proposition 12.51 we see that 

ii£(i)iii/iv,+5 < \\{h{t),d,cpm\H^i+^+4^^ ^ ^0, 

so that (13.51 ) is also a priori verified. Similarly, combining (I2.13bl ) in Proposition l2.4l and (12.141 ) in Proposition 
3] we see that 



which gives stronger estimates than (I3.31 l and (I3.61 l. All the a priori bounds (I3.2I )- (I3.61 ) have then been shown 
to hold true. 

We eventually need to verify a priori (13. 11 1. Let us look at the third tenn on the left-hand side of (13. 11 1. 
From the definition of = z o k^^ v/e have: 

Using (12.91 ) we immediately see that 

\\Za ~ i$ II C« ~ 1|Il°° ~^ W^a ~ 1|Il°o ^ ^0 ■ 

Similarly, from the definition of u = zj o k~^ and w = zu o k~^, and the bounds on /c given by (I2.9K one 
sees that for any < j < + 2 one has 

WdiztW^i + ||5^2tt|lL2 < {\\u\\^N^^^ + \\w\\^N^^^^ < \\L\\hn, < eo ■ 
This shows that a local solution z satisfying the weaker bound (13. Il l in fact satisfies the stronger bound 

E \\dazu{t)\y + Wdiztim^i + \\zUt) - Ih^) < eo , 



sup 

[0,T] 



0<i<-^+2 
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violating the blow-up criterion (I2.3I ). Such a solution can then be extended globally on [0, oo). In particular 
we also have that for all times t G [0, oo) the solution expressed in Eulerian coordinates satisfies 

\\{h{t),m\\z'< 



and scatters as described in Proposition 12.61 □ 



4. Eulerian formulation and proof of Proposition [23] 



In this section we first recall the water waves equations in Eulerian coordinates. We then explain our 
strategy for the proof of Proposition 12.51 This will be obtained as a consequence of Propositions 14.11 
3]andl44lbelow. 



4.1. The equations in Eulerian coordinates. The system of equations in Eulerian coordinates is 

dth = G{h)cl) 



M = -h- + 2(1+^,1^) (^W^ + ^M^^ 



where 



G{h) := ^/l + \fhfM{h) 



and Af denotes the Dirichlet-Neumann operator associated to Qf 
Given a multilinear expression of h and 4> 

F = F{h,^) = J2Fj{hA), 

where Fj is an homogeneous polynomial of order j in its arguments, we denote 

[F], :=Ffc(/i,0) 

and 

j>k l<j<k 



(4.1) 



(4.2) 



(4.3) 



(4.4) 



After expanding for small displacements of the moving surface, see IISS99llGMS12all . one obtains the 
equations 



where: 



dfh = \dx\(l) — dx{hdx(l)) — \dx\{h\dx\(l)) 

-\\dx\ [h''\dx\''ct>+\dx\{e\dx\(t>)-2{h\dx\{h\dxm] +Riih,cp), 

[ dtcj) =-h-^\cl)x\'' + ^\\dx\^\'' + \dx\<P[h\dx\^<P-\dx\{h\dx\<P)]+R2{h,cl)), 



Ri{h,<l)) := 

2^ll + \hJ^ 

>4 



(4.5) 



(4.6) 
(4.7) 
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Let us denote 



so that 



M2(/i,.^) := -d^ihd^cP) - \d,\{h\d,\cl)), 



M^{h,h,4>) :=-^|5,.| }i'\d^\'ct>+\d^\{h''\dM)-'^h\d:,\{h\d^ 



Q2 



■l\<^.\' + l\\dM', 



Q3{(f),h,(p) := \d^\(p h\dx\^(p - \dx\{h\d^\(i 

dth = \d,\q) + M2{h,cl))+M3{h,h,cj))+Ri{h,cP), 
dt^P = -h + Q2{(p, <p) + Q3i<l), h, (I)) + R2{h, 0). 



(4.8) 
(4.9) 

(4.10) 
(4.11) 

(4.12) 



4.2. Strategy for the proof of Proposition 12.51 Recall that in Proposition 12. 5 1 we are making the following 
a priori assumptions: 



sup 

te[Q,T] 



{i+typ^mt),d,m)\\x^^^+VT+~mh{t),<t>m\z' 



<£i 



and 



\\ho + iA</)o||^iVo+i + \\xdr,{hQ + iA<j)o)\\jjNo/2 + \\ho + lAcpoWz < £0, 
for some ei G [eq, 1]. We then aim to prove 



and 



sup VTTt\\{h{t),<p{t))\\z, <eo + £'i 
te[o,T] 



sup \\h{t) + iA(j){t)\\ <£o + el- 
te[o,T] 



(4.13) 



(4.14) 



(4.15) 



(4.16) 



To prove (14.151 ) and (14.161 ) the idea to transform the quadratic equations into cubic ones, and then applying 
the strategy of our previous paper ||IPul21 to the cubic equations. We will proceed through several steps. 
We first perform a bilinear normal form transformation: 



Proposition 4.1 (Poincare-Shatah Normal Form). There exist bilinear operators A and B such that if 

(4.17) 



H'^= h + A{h,h), 



then the function V defined by 



satisfies 



dtV + iAv = c {h,\d,\(t>) 

where C is a nonlinearity consisting of cubic and higher order terms. 



(4.18) 
(4.19) 



A more precise statement of this Proposition, with the explicit form of A, B, and C is given in section |5j 
followed by its proof. In section 153] we show the following bounds on the transformation: 
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Proposition 4.2 (Bounds for the transformation). Under the apriori assumptions (14.131 ) on h = h{t) and 
(f) = (j){t), we have for any t S [0, T] 

\\A{h,h)\\^N,+,,^ + \\AB{h,^)\\^N,+,,^<el{l + t)-^/^ (4.20) 

\\A{h,h)\\j,N,-s + \\AB{h,cj))\\HM,-, < el (4.21) 

\\SAih,hm^_^ + \\SABih,m^i^_,<el (4.22) 



particular we have 



^)\\z' ^ l|l^llv^iVi+4,.o +el{l + t)-'/\ (4.23) 
/i + iA(/)||^iVi+io < ||T^||//iVi+ii + ej , (4.24) 



and 



ll^lliy^i+4.oc <ei(l + i)"'/', (4.25) 
11^ + id,^\\H^o~<^ < + tr, (4.26) 
\\SH\\ ^_^ + \\S^,^^,\\ <e,(i + t)Po. (4_27) 

The above Proposition shows that the apriori smallness assumption (14.131) can be suitably transfeixed 
to V. The next step is to improve (14.271 ) by using the equation ( 14. 19b and the specific properties of the 
nonlinearity: 

Proposition 4.3 (Improvement of the weighted bound on V). Let V be the function defined by ( 14.181 ) and 
satisfying (14.191 ). Then 

sup (1 + [||Sy(t)||^^,/2-2o + ||y(t)||^^o/2-2o] <eo + e\. (4.28) 

fe[o,T] 

Furthermore, if we define the profile ofV as 

/(t,x):= (e^*V(t))(x). (4.29) 

we have 

sup (1 + ty'P' [\\xd,f{t)\\^M,f2^2o + ||/(t)||^^o/2-2o] <eo + ei. (4.30) 

tG[0,T] 

This is proved in section 15.41 The bound (14.281 ) improves the bound (14.271 ) by gaining half derivative 
for low frequencies on the estimate for ^, at the expense of losing a small amount of decay and some 
derivatives. This gives us (I4.30l l and allows us to exploit the bounds obtained in our previous paper IIIPul21 . 

Using the bounds given by Proposition 14.21 we will work on the scalar cubic equation (14.191 ) with the aim 
of showing: 

Proposition 4.4 (Bound on the Z-norm and decay of the Z'-norm of V). Let V be defined as above, and 
satisfying the bounds (14.251) . (14. 261 ). (14.30b . Assume further that 

sup \\V{t)\\z<ei, (4.31) 
*G[o,r] 

where Z is the norm defined in (11.101 ). Then 

sup \\V{t)\\z<eo + el. (4.32) 



As a consequence, using also Lemma{ 

sup VlTt\\V{t)\\^N^+,,^<£o + el, (4.33) 



te[o,T] 
and 

.3 



sup ||F(t)||^iv,+n <eo+ef. (4.34) 
te[o,T] 
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The proof of (14.321 ) constitutes the heart of the proof for the decay in Eulerian coordinates, and is per- 
fomied in section [6l using a construction similar- to our paper IIIPul2i 

Using (14.311 ) and an estimate similar to (14.201 ). we can also obtain the following 

Corollary 4.5. Under the apriori assumptions (14.131) and (14.311 ) we have 

sup (1 + tf^'UmL^ < £0 + e? • (4.35) 

te[o,T] 



This shows in particular the validity of the assumption ( IB.137I ) in Lemma WM 
Proof of Corollary \4. 51 For any A; G Z we estimate, using (14.151 ) 

\\Pkm\\L^<{eo + el)2-^l\l + tr^l\ 
At the same time, using (14.321 ) and ( 14.201 ), 

The desired conclusion follows from these two estimates. □ 

Observe that (14.331 ) together with (14.231 1 imply (14.151 1. The bound (14.341 ) together with (14.241 ) imphes 
(14.161 ), thereby conluding the proof of Proposition 12.51 



5. Proof of Propositions 14. 1 [ |4~2l AND |4.3t normal forms 

In this section we aim to transform the quadratic equations (14.51 ) into cubic ones. The possibility of doing 
this relies on the vanishing of the symbol of the quadratic interaction on the time resonant set. Using this 
fact a normal form transformation was already performed in nGMS12ai In this latter paper, the authors first 
write a scalar- equation for h + iAcj) and then integrate by parts in time in Duhamel's formulation. Here we 
want to perform the same normal form but in a different way, so to explicitely show the dependence of the 
transformation, and of the resulting cubic terms, on the functions \dx\cl) and dx(t> and not on alone. We 
remark that the structure of transformation here is very important because we only have information on dx4> 
and not on or Ai;^. Therefore we want to find H and ^' as in ( 14.171 ). with A and B depending nicely on 
h and dxc/), and such that H + iA"i> satisfies a cubic equation. It is important to notice that the quadratic 
and cubic nonlinearities in (14.51 ) already depend only on dx(l) or \dx\4>- If one just proceeds as in IIGMS12all 
however, it is not clear if the transformation satisfies the property we desire. 

5.1. Solving the homological equation. Given a suitable symbol ?n : M x M — )• C we define the associated 
bilinear operator A/(/, g) by the formula 

:F[M{f,g)]{C) = 1. l^m{C,r,)f{^-rj)g{r])dr,. (5.1) 

The following lemma gives the exphcit form for the transformation in Proposition 14.11 
Lemma 5.1. Let 

«({..) --If^l^, (5.2) 

2 \ri\ \^ - r]\ 

KC,^)-=-\v\S — ^iIt, (5-3) 



and 



m2{tv) = Cv-\m, (5-4) 
q2{^,v) = l{^-ri)v + l\C-v\\v\- (5.5) 
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Then, the function V defined as 
satisfies 



V'^= H + iA* = [h + A{h, h)] + ik[(t) + B{h, </>)] (5.6) 



dtV + iKV = M^+Mi (5.7) 
where As, respectively M4, are cubic, respectively quartic and higher, order terms explicitly given by 

M3 =^ M-i{h, h, (t>) + 2A{M2{K (t>),h) + iA [Q3(0, h, ct>) + B{M2{h, 0), + B{h, Q2{^, </>))] , (5.8) 

M4 =^ Ri{h, (P) + 2A{M3{h, h, (j)) + Ri{h, (P), h) (5.9) 
+ zA [R2{h,^) + B{h,Q3{(t),h,<i)) + R2{h,(t))) + B{M-i{h,h,(j)) + Ri{h,^),(t))] . 

Proof of Lemma 1X71 Given equation [4. 121 we look for a transformation of the form (/i, (f)) — )• {H, '^), with 

f H = h + Ai{(P,(t))+A2{h,h), 

(5.10) 

1/ = </> + i?(/i,0), 

where Ai , are symmetric bilinear" forms and is a bilinear" fonii. Our goal is to eliminate the quadratic 
nonlinear expressions, i. e. 

dtH = \dx\'^ + cubic terms 

(5.11) 

dt"^ = —H + cubic terms. 
Indeed, using ( 15.101 ) and ( 14.121 ). we have 

dtH -\d^\^ = -\d,\ct>-\d,\B{h,<i)) + dth + 2A^{dt(t>A) + 2A2{dth, h) 

= -\d,\B{h,^) + M2{h, 0) + M3(/i, h, (P) + Ri{h, <P) 

- 2^i(/i, (P) + 2A^{Q2{<P, ^),<P) + 2Ai{Q3{4>, h, 0) + 2A^{R2{h, <P), 4>) 

+ 2^2(19,10, h) + 2A2{M2{h, <P),h)+ 2A2{M3{h, h, (P),h) + 2A2{Ri{h, <p),h), 

and 

dt^ + H=h + Ai{(^, (P) + A2{h, h) + dt(P + B{h, dt<p) + B{dth, (P) 

= + Ai{4>, <P) + A2{h, h) + Q2{(p, (p) + Q^icp, h, (P) + R2{h, 0) 
- B{h, h) + B{h, Q2{<p, cp)) + B{h, Q3{(P, h, (b)) + B{h, R2{h, </.)) 
+ B{\d^\(P, (P) + B{M2{h, <P),(P) + B{M3{h, h, (b), cP) + B{Ri{h, cP),cP). 
The condition (15.111 ) is equivalent to 

-\d,\B{h,<P) + M2{h, (P) - 2Ai{h, (P) + 2A2{\d^\cP,h)=Q, 

Ai{(P,4>) + Q2{<P,4>) + B{\d^\^,cP) = ^, (5.12) 
A2{h,h) - B{h,h) = 0. 

Therefore one can define 

a2{C,V) = ^ , ai{t.,ri) = -Q2{tV) ^ , 

, -2(|g| + |r?| - |g - 7?|)g2(C, V) + {\V\ + \( - r]\ - |g|)m2(C, y) - 2|7?|m2(g, ^ - v) ^^'^^^ 

'^^'^^ = m:^) ' 

where 

D{tv) = -lel' - le - V\' - \r]\' + 2\m -V\+ m\v\ + 2|r?||e - r?| 
and the identities ( 15.121 ) ai"e easily seen to be verified. 
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The formulas can be simplified in the one-dimensional situation. Indeed, we notice first that m{^, ij) = 
m(— ^, —rj) for all m G {q2,'m2, 0.1, 02, b}. Moreover, for ^ > 0, we calculate explicitly: 
if r/ < then 

q2{^,rj)=0, m2{tv) = -m\v\, rn2i^,^ - v) = 0, Di^,rj) = mrj\, 6(e, 77) = -|r/|; 
if r/ G [0, C] then 

Q2{^,V) = \C-VM, m2{tv)=0, m2iC,C-v)=0, D{C,rj) = A\C - ijM, b{t7]) = -\r]\; 
if r/ > ^ then 

q2{tv)=0, m2(e,r?)=0, m2{C,^ - v) = -m\C - vl D{C,v) = MCWC - r]l b{^,rj) = \7j\. 
Using also the formulas in the first line of (I5.131 l. we calculate, for ^ > 0, 

if ?7<0 then 01(^,77) =0, aslC, ??) = e/2; 
if r/G[0,e] then 01(^,77) =0, asCC, ??) = -^72; 
if 7]>^ then 01(^,77) =0, 02(^,77) = e/2. 
In particular Ai = and the desired formulas in the lemma follow. □ 

5.2. Analysis of the symbols. We now want to study the behavior of the symbols that appear in Lemma 
15.11 We will describe our multipliers in terms of a simple class of symbols S°°, which is defined by 

S°° {m : — C : m continuous and HmH^oo := ||J^~^(m)||j;^i < 00}. (5.14) 
Cleaiiy, 5°° ■— )• L°°(]R x M). Our first lemma summarizes some simple properties of the 5°° symbols. 
Lemma 5.2. (i) Ifni,ni' G 5°° then m ■ m' G S°° and 

||m • m'll^oo < ||?T^||s°° (5.15) 

Moreover, if m G 5°°, A : — >• is a linear transformation, v G M^, and mA,v{£,, "h) •= "^(^(^) v) + ^) 
then 

\\lTT'A,v\\s°° = \\iT^\\s°°- (5.16) 
(ii) Assume p,q,r G [l,oo] satisfy 1/p + 1/q = 1/r, and m G 5°°. Then, for any f,g £ L^(R), 

\\M{f,g)\\Lr < ||m||5-||/||Lp||9llL., (5.17) 

where M is defined as in (15.1b . 

Proof of Lemma \5J\ Part (i) follows directly from the definition. To prove (ii) let 

K{x,y) := {F'^m){x,y) = [ m{^,ri)e'''-^e'y '' d^drj. 



Then 

M(/, g){x) = C [ e"-«m(e, 7?)/(e - vMr]) d^d^ = C [ K{u, v)f{x - u)g{x - u - v) dudv, 

and the desired bound (15.171 ) follows. □ 

We fix 99 : M — >■ [0, 1] an even smooth function supported in [—8/5, 8/5] and equal to 1 in [—5/4, 5/4]. 
Let 

ipk{x) := ip{x/2'') - ip{x/2^-'^), keZ,x£R. (5.18) 
Let Pfc denote the operator defined by the Fourier multiplier ^ — (fkiO- Given any multiplier m :M? ^ C 
and any k,ki,k2 G Z we define 

Our next lemma, which is an easy consequence of the explicit formulas (I5.21 i- (I5.5I ). describes our main 
multipliers m2,q2,a,b in terms of 5°° symbols. 



18 ALEXANDRU D. lONESCU AND FABIO PUSATERI 

Lemma 5.3. For any k,ki,k2 £ 1^ we have 

\\m''/^''"'\\so. + |k2'^'''''ll5- < 2'=2™"('=i'*^2)^ (5_20) 

||^fc,fci,fc2||^^ < (5.21) 

and 

||^fc,fci,fc2||^^ < 2^2. (5.22) 

5.3. Proof of Proposition I4.2t bounds on the normal form. Recall that we ai^e assuming (14.131 ) and we 
want to show the three estimates (14. 201 ) . (I4.21l i and (14.221 ) for the bilinear operators A, B defined through 
their symbols a, 5 in Lemma [5TT] 

As a consequence of (14.131 ). we have the following bounds onh = h{t) and (j) = 4>{t), for any G Z: 

\\Pkh\\L2 + 2%Pk<l^\\L2 < ei(l + t)P02-^«'=+, 

WPkhh^ + 2'=/2||P,0||^oo < ei(l + t)-i/22-(^i+4)fc+, (5.23) 
WPkShU^ + 2^\\PkS^L^ <ei{l + t)f°2-^«'=+/2. 

For any A; G Z let 

■= U '^fc ; 

Xl := {{ki,k2) G Z X Z : min(A;i,/c2) < /c + 4, | max(A;i, /C2) - k\ < 4}, (5.24) 
■= {{ki,k2) G Z X Z : min(/i;i, ^2) >k-A,\ki- /C2I < 4}. 

Also let 

Xk,s := {{ki, k2) G Xu : 2-i°('^i''^^) < min(2'=-io, (1 + 

Affc,/ := {(fei, A:2) G A-fc : 2^<^^^^^^ > min(2^^-io, (1 + t)-'°)}. ^^'^^^ 
To prove (|4301 )- (|4T22] ) we estimate for any A; G Z, using (|5^ . (IHB - dS^ . and LemmaE2](ii), 

(fei,fc2)eA'fc 

< ^ 2'=||Pfc,/i|u^||Pfc,/i||i2+ Yl '^''WPkML^WPkML^ 

fcl<fc+4, |fc2-fc|<4 (fci,fc2)eA'2 

< £1(1 + i)2P0-l/22fc/42-{A^0-3)fc+ 

and 

||PfcAi?(/i,</.)|U2 < 2'=/2||P,i3(P,^/i,P,,^0)||^2 
(fei,fe2)eA'fe 

< 5^ 2'=/22*^2||Pfc,/i|U^||Pfc,0||^2+ 5] 2''/'2'^Pk,h\\L4Pk,HL^ 

fci<fc+4, |fc2-fc|<4 fc2<fc+4, l/ci-fc|<4 

+ 5^ 2''2'^^\Pk,h\\L^\\Pk,nL^ 

(fci,fc2)eA'2 

< £1(1 + i)2P0-l/22fc/42-(A^0-3)fc+^ 

Therefore, for any /c G Z, 

||Pfc^(/l,/l)||,.2 + ||PfcAi?(/i»||i2 <£?(! + t)2P0-l/22A./42-(A^0-3)fc+^ (5_26) 

and the desired bound (14.211 ) follows. 
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Similarly, we also have the bounds, 

\\PkA{h,h)\\Lo^ < Yl \\PkA{Pk,h,PkM\L^ 

< Yl 2^\\PkML^\\PkML^ 
(fel,fc2)6^fc 

< ^2^1 _j_ ^-)PO-l2'«/42-^oA:+/2 

and 

\\PkAB{h,cb)\\L^ < Yl '2^^^\\PkB{Pk,h,Pk2(P)\\L^ 

(fel,fe2)GA'fe 

< Y '^'^^'^"'WPk^hu^wPk.nLoo 

< ^j(^lJ^ ^^po-l2*-'/42-Afofc+/2^ 

Therefore, for any /c G Z, 

\\PkA{h,h)\\Lo. + \\PkAB{h,4>)\\Loo <ei{l + tr~'2''/'2-^°'+/\ (5.27) 

and the desired bound (14.201 ) follows. 

To prove (14.221 ) we notice first that the symbol a is homogeneous of degree 1, i. e. 

a(A^, At?) = Aa(^, t]) for any G M, A G (0, oo). 

Differentiating this identity with respect to A and then setting A = 1, we have 

{Cd^a){C,r]) + {r]dr,a){C,r]) = a{^,r]). 

The symbol to rj) — rj) is homogeneous of degree 1. As a consequence, we have the identities 

(C5?a)(C,r/) + {r]drja){^,r]) = a{C,r]), 



Using the first formula in (|5.281 l we calculate 

:F[SA{h, h)] iO = \ltdt -^d^-l]\ [ aiC, r^)h{i - ??, t)K(r?, t) dr, 



1 



2 



-t{dth)-h {C-r,,t)h{ri,t)di]+ / a{C,ri)h{C - r,,t)-t{dth){i],t) dr] 



1 



2 



(e9ga)(e,r?)/i(^-r?,t)Mr/,t)dr7- / a{C,r,)({dh){C - v,t)h{r],t) drj 

JR 

aiC,v)Sh{C-V,t)Hr],t)dr]- [ a{C,r])r]{dh){C - v,t)h{r],t) dr] 



+ / a{C,i])h{C-r],t)Shii],t)dr]+ / aiC,r])h{C - r],t)[r]{dh)ir],t) + hiT],t)]dr] 



+ / [(r?9^a)(e,r?) -a(^,7?)]/i(e-7?,t)/i(7?,t)dr/ 

= J'lAiSh, h)] iO + J'iAih, Sh)] (0 - J'iAih, h)] (0. 
A similar calculation can be applied to the operator B, using also (15.281 ). Therefore 

SA{h, h) = A{Sh, h) + A{h, Sh) - A{h, h), 

SB{h, (P) = B{Sh, <j)) + B{h, Sep) - B{h, (j)). ^^'^^"^ 
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For any A; G Z we estimate, using (15.231 ). Lemma [S!2] (ii). and (I5.21l )- (l5.22b . and recalling (15.251 ). 

\\PkA{ShM\L^ < E \\PkA2iPk,Sh,P,,h)\\L2 
< + t)2po-l/22fc/42-(A'o/2-3)fc+^ 

and 

\\PkAB{Sh,cl))\\L2 + ||PfcA5(/i,5(/.)||i2 

<2^V2 ^ [||Pfei?(Pfc,5/i,Pfc,0)||i2 + ||Pfci?(Pfe,/i,Pfc,5(/.)||i2] 
(fei,fc2)eA'fe 

<2fc/2 ^ [2''^\\p,^sh\\L2\\p,,^L^ + 2''^\\PkML^\\Pk2S^LA 

^ 2^/2 ^ 2--('=^''=^)/2 [2^=2 ||Pfc,5/l||i2 ||Pfe</.||z.2 + 2'^^ llPfc, ||Pfc25.^||L2] 

(fcl,fe2)GA'fe,s 
< + i)2po"l/22fc/42-(A^o/2-3)fc+^ 

Therefore, using also (|5.291 l and (15.261 ). for any A; G Z, 

||Pfc5^(/l,/l)||i2 + ||PfcSAP(/l, 0)11^2 < £2(1 +^)2po-l/22fc/42-(A^o/2-3)fc+^ (5_30) 

and the desired bound (14.201 ) follows. 



5.4. Proof of Proposition 14.31 We start from the formula (I5.71 i. 

dtV + iAV = Ms + Mi, 
where Ms and A/4 are given in (15.81 ) and (|5.9l l. Applying 5 and commuting we derive the equation 

{dt + iA)SV = SM3 + + (1/2) (AA3 + Mi). 
Moreover, with f{t) = e^^^V{t), we have 

(xdMt) = e'^'^iSV - {t/2){Ms+M4)]. 
It follows from the assumption (14.141 ) and Proposition I4.2l that 

111/(0)11^^0/2-5 + (0)11^^3/2-5 < eo + 4- 
Therefore, it suffices to prove the following: 
Lemma 5.4. For any t, 

||AA3||^iVo-2o + \\SM3\\hNo/2-2o < e?(l + tfP'^-\ (5.31) 

and 

||AA4||^iv„-2o + \\SM4h^,/2-2o < e?(l + tfP'-\ (5.32) 

Proof of Lemma \5^ As in the proof of Proposition 14.21 see (|5.26l l. (15.271 ). and (15.301 ). for any k ^ TL\Nt 
have 

||PfcQ2(0»||L2 + ||PfcM2(/l,</.)|U2 <£2(l+t)2P0-l/22fc/42-{JV0-3)fc+^ 

\\PkSQ2{4>.mL^ + mSM^^KmL^ < el{l + tfP^^~'/^2''/'2~(''o/2~3)k^^ (5_33) 

||PfcQ2(0,</')||L- + ||PA:M2(/l,.^)||Loo <e2(l + i)P0-l2'=/42-(A^0/2-3)fc+_ 
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We examine now the trilinear expressions M^{h, h, <j)) and Q3{4>, h, (p) in ( I4.9I ) and (14. 11 1 ). These expres- 
sions appear in both nonlinearities M3 andAf^. To estimate them we start by estimating and h\dx\'^(j)- 
using (15.231 ). for any G Z, we obtain as before 

+ <e?(l + i)'^°~'/'2-(^''/2-3)'=+, (5.34) 

We examine the formulas (14.91 ) and ( 14.111 ). For any A; G Z we use ( 15.231 ) and ( 15.341 ) and estimate as before, 
for any k ^Z,, 

2-^l%PkM3{h,h,ct>)\\L2 + \\PM4>,K4>)\\L^<el{^ 

2-*^/4||Pfc5M3(/j>,</.)||i2 + ||P,5Q3(<^,/i,</')||l2 < e?(l + t)'^"~'2-(^«/2-6)*^+, (5.35) 

2-^l^\\PkM3{Kh,4^)\\L^ + \\PM(l^,h,<t^)\\Lo^ < 

Recall the formulas (15^ and ( 15.91 ). 

AA3 = Kh{h, h, 0) + 2A{M2{h, h) + iA [Qs{<P, h, ct>) + B{M2{h, B{h, Q2{^, </>))] , 

Af4 = Ri{h, (t>) + 2A{A'Is{h, h, (/)) + Ri{h, 0), h) 

+ iA [R2{h, <l)) + B{h, Q3{<P, h, <j)) + R2{h, <P)) + B{Msih, h, <p) + cj)), <p)] , 

and the bounds (ID. 101 ) 

+ iAi?2(/i, <A)ll//iVo-io + (/.) + iAR2{h, (/.)) ll^iVo/2-10 < 4(1 + t)-'/^ 

The desired bounds (15.311 ) and (15.321 ) follow using (15. 331 ). (15.351) . and Lemma [53] below. with G = R2{h, (p) 
and 

F G {Q2{(l),(l)),M2{h,(l)),M3{h,h,^),Q-Mh,^),Ri{h,ct))}. 

□ 

Lemma 5.5. Assume F and G satisfy the bounds, for any k £ Z, 

\\PkFU2 + 2^-/2||p^G||i2 < ejil + i)3P0-i/22-(M,~i2)fc+^ 

||Pfc5F||i2 + 2''/'^\\PkSG\\L2 < el{l + t)3po-i/22-(A^o/2-i2)fe+^ (5_3g) 

+2'=/2||p,G|U.o < £2(1 +t)3P0-l2-(A^0/2-12)fc+_ 

r/zen, /or any A; G Z, 

||PfcA(F, /i)||^2+2'=/2||P,S(F, 0)11^2 + 2'=/2||P,B(/i, G)||i2 <e?(l + t)5*'»-i^^^^^ 
/i)||L2+2'=/2||p,5i?(F, 0)11^2 + 2'=/2||Pfe5i?(/i, G)||i2 <e?(l + t)5p^^ 

(5.37) 

Proof of Lemma lSTS] We estimate, using (15.231 ). (15.361 ). Lemma 1531 and Lemma [53] (ii). 

\\PkA{F,h)U2< Yl 2''\\Pk,F\\L^\\Pk,h\\L^ + E 2''\\Pk,F\\L2\\Pk,h\\L^ 

fei<fc+4, |fc2-fe|<4 fc2<fc+4, |fci-fc|<4 

+ E 2^lPfc,F||i-||Pfc,/i||i2 
{fci,fc2)eA'2 

< £3(^1 + ^)5po-l2'=/42-(^o-16)fc+ 
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and 

\\PkA{F,Sh)\\L2 + \\PkA{SF,h)\\L2 < Yl '2''[\\Pk,F\\Lo^\\Pk,Sh\\L2 + \\Pk,SF\\L2\\Pk,h\\L^] 

+ E 2H^'-^^^'^^^l^[\\Pk,F\\LA\Pk,Sh\\L2 + \\Pu,SF\\LA\PkM\LA 

{ki,k2)&Xk,s 

< ^1(^1 + ^)5po-l2'^'/42-(Afo/2-16)fc+_ 

This proves the desired bounds for ||Pfcj4(F, h)\\i^2 and \\PkSA{F, h)\\i2. The other bounds in (|5.37| i are 
similar. □ 

6. Proof of Proposition 14.41 

In this section we prove Proposition 14.41 which is our main bootstrap estimate. We start by rewriting the 
equation (15.71 ) in the form 

dtV + iAV = Ms + R, (6.1) 

where 

A/3 ■.=M3{H, H, VI/) + 2A2{M2{H, H) 

+ ik [Q3(^, H, ^) + B{M2{H, ^),^) + B{H, Q2(^, ^))] , 

and 

R—M^+Mi-Kf^. (6.3) 
Letting f{t) = e**^y(t) as in ( |4T29l ). we have 

dtf = e''''{Kfs{t) + R{t)). (6.4) 

Notice that 

^ V{t) + V{t) ^ e-^'^f{t) + e^'^J{t) 
2 2 ' 

^ ^ iA-HF(t) - y(t)) ^ ^. e'^^A~7)(t)-e-*^(A'V)(t) ^^'^^ 
^ ' 2 2 

Therefore, the trilinear expression M3 can be written in terms of f{t) and f{t), in the form 



XJl 



/+++(e,t):=/ 
/ (e,t):=/ 



•7;)-A(»?- 


-a)+A(a)] ^+ 




-v,t)fiv- 


i)7(o-, 


t) dr/dcr, 


'?)+A(r?- 


-a)+A{a)]^- 


-+(e,r?,a)7(e 


-v,t)7{v- 


<7,t)f{a, 


t) (ir/dcr, (6.6) 


r))-K{-q- 




++(e,^,cT)/(e 


-V,t)f{r]- 


<7,t)f{a, 


t) dr]da, 


■n)+Hv- 


-^)+AW]c- 


"(e,^,cT)7(e 


- V, t)7{v - 


<7, t)7(o-, 


t) dr]da. 



XJl 



The symbols c"'""' ,c , c"'""'""'" , c can be calculated explicitly, using the formulas ( 14.91 ). (14.111) . and 
(I5.2I) - (I5.5I) . see Appendix O For us it is important to notice that these symbols are real- valued, and satisfy 
the uniform bounds 
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for any (tit2i3) G {(+ H — ), ( !"))(+ + +))( )} ^nd /, ki,k2, G Z. As a consequence, 

for any (iii2i3) G {(+ + -), ( h), (+ + +), ( )}, ^ G M, and /, fei, /c2, fes G Moreover, for any 

\^={ki,k2,k^),\ = {h,hM) G let 

(5xc|)k,i(2;,y) := {dxcl){x,y) ■ ipkj{^ + x)(pk2{^ + y)ipk3{^ + x + y)(pi^{x)ipi2{y)(pi^{2^ + x + y), 
{dycl)k^l{x,y) := {dycl){x,y) ■ ipk^{^ + x)ipk2{^ + y)ipks{^ + x + y)ipi^{x)ipi2{y)ipi._,{2^ + x + y). 
Then, for any k, 1 G Z^, and ^ G E, 

||(5j/C|)k,l||5- < 2~"^''"(*^2,fc3)25max(fci,fc2,fc3)/2^ ^^'^^ 

These bounds are proved in Lemma ICT] 
Let (compare with (|C.9l l). 

m :=-87^|e|=^/'c|(0,0)=4v^|e|^ 

^(^^0-1/* 1/(^,^)1^^, (6-10) 

g{C,t) :=e*^(«'*)/(e,t). 

It follows from (16.41) that 



(2^)2 



1/(^,01 



2 



t+1 



(6.11) 



Proposition 133] clearly follows from Lemma IHTI below. 

Lemma 6.1. With the same notation as before, recall that f satisfies the bounds 

sup [(1 + t)-^'"||/(i)||H^o-io + (1 + i)"'^1l(^9x/)WllH^o/2-2o + Wfmz] < ei. (6.12) 

t&[0,T] 

Then there is pi > such that, for any m G {1, 2, . . .} and any ti < t2 € [2™ — 2, 2™"*"^], 

l^ + ler^+'')(5(^,i2)-<7(e,ti))l|L- <e?2"fi™. (6.13) 



The rest of the section is concerned with the proof of Lemma 16. II We will use the following dispersive 
linear estimate from IIIPul2[ Lemma 2.3]: 

Lemma 6.2. For any t G M we have 

\\e''^hU^ < (1 + l^/'hmL^ + (1 + \t\r'^' ■ OMl^ + MhA ■ (6-14) 

For any A; G Z let := Pkf, := Pkf, and decompose, 

for (tii2^3) G {(+ + -), (- - +), (+ + +), ( )}, where 

Jtit2t3 (^^^) / gji[A(5)-tiA(5-r))-t2A(r)-cr)-t3A(o-)] 
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Using (lOTI) . for KWi it suffices to prove that if G Z, m G {1, 2, . . .}, |^| e [2^=, 2'=+^], and h < t2 £ 
[2^ _ 2,2™+i] n [0,r] then 



t2 



ds 



s + 1 



for any (ii, i2, '-s) G {( h), (+ + +), ( )}, and 

r e^^(«'")e*'^^(«)^(^, s) ds < ef 2-pi"^(2'^^ + 2(^i+i5)fe)-i. 

In view of (16.121 ) and Lemma [6 .Hi we have 

\\f^is)\\L2<e,2Pom2~i^o-m+^ 

\\{dft)(s)\\L^ < ei25*'«™2-'2-(^o/2-20)^+, 



(6.16) 



(6.17) 



(6.18) 



(6.19) 



/z^(«)l|Loo<ei2"-/22-W'/2-20).+ ^ 



for any / G Z and s G [2™ - 2, 2"^+^] n [0, T]. Using only the bounds in the first line of (I6l9] l it is easy 
to see that 

|jtit2t3^ '5)1 < e'^2'^*''^™2™°'''^^''^^''^^-'''^(l + 2™^'^'-'^^''^^''^^-')"''^°"^'^-^ (6 20) 

for any (/-i/-2'-3) £ {(+ H — ), ( !-),(+ + +), ( )}, ki, k2, G Z. Moreover , using the bounds 

in (l6T9] ). 



S + 1 



< 2— e?2'=2-3^i'=+l[o,4](max(|A:i - A:|, |A:2 - k\,\ks - k\)). 



Using these two bounds it is easy to see that the sums in (16.161 ) and (16.171 ) over those {ki, k2,k^) for which 
max(A;i, /ca, ^3) > 3m/No - 1000 or mm{ki,k2, fes) < -4m ai'c bounded by C'e32-Pim2-{iVi+i5)fc+^ 
desired. The remaining sums have only Cm^ terms. Therefore it suffices to prove the desired estimates for 
each (fei, ^2, ks) fixed satisfying fci, ^2, k^ G [—4m, Sui/Nq — 1000]. 

At the same time, using (16.191 ). together with the symbol estimates (16.81 ). it follows that 

|jti'.2'.3^^ < g3|^|l/22min(fci,fc2,fc3)(l-/9)2™°d(fci,fc2,fc3)(l-/3)2-(^i+10) max(fci,fc2,fc3,0) (6 21) 

for any (6162^3) e {(+ + -), (--+),(+ + +),( )}, ki, /c2, /cs G and ^ G M. 

After these reductions, it suffices to prove the following lemma: 

Lemma 6.3. Assume that m G {1, 2, . . .}, /c G Z, |^| G [2^, 2^+^] and h < t2 e [2^ - 2, 2"^+^] n [0, T]. 
Then, for any ki,k2, k^ satisfying 

ki,k2, ks G [-4m, 3m/No - 1000] n Z, min(/ci, A;2, k^) + med(/ci, /c2, ^3) > -m(l + 3/3), (6.22) 



t2 



4+(C,s)/+(C,s)/,73(-C,s 



s + 1 



ds 



< ^32-2pim^2l^k _j_ 2{A^i+15)fc-j"l 

(6.23) 
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and, for any {i.ii2iz) £ {( h), (+ + +), ( )}, 

'■t2 



I ' e'^^^''h'f}^fl^,^{C, s) ds < e32-2pi"x(2/3fc + 2(^1+15)*^)-^ (6.24) 



Moreover 



/%^^(«'^)e**^(«)%,s)ds <e32-Pim(2^fc^2(^i+i5)'=)-^ (6.25) 
Jti 

We will prove this main lemma in several steps. The main ingredients are the bounds (16. 191 l. We will also 
use the following consequence of Lemma 15. 2 1 (ii): if {p,q,r) G {(2, 2, oo), (2, oo, 2), (oo, 2, 2)} then 



< 



(6.26) 



We also need suitable bounds on the derivatives (dsfj^), in order to be able to integrate by parts in time. 
More precisely, we have 

\\idsf^)is)\\L^ < ei25po"2-(iVo-20)i+^ (6_27) 
which is a consequence of the (I5.31I )- (I5.32I ) and the formula dtf = e^^^lMsit) + M4{t)], see (l64l ). 

6.1. Proof of (16.231 ). We divide the proof in several cases. 

Lemma 6.4. The bounds (16.231 ) hold provided that (16.221 ) holds and, in addition, 

fei,A;2,/c3 G [A;-20,A; + 20] nZ. (6.28) 

Proof of Lemma W4\ This is the main case, when the specific correction in the left-hand side of (16.231 ) is 
important. We will prove that 



ki,k2,k3 



s + 1 



< 2-"^e32-2pim(^2/''= + 2(^1+15)'=)-^ (6.29) 



for any s G [ti, t2], which is clearly stronger than the desired bound (I6.23t . 

The bound ( |6.29b follows easily from the bound (16.211 ) if k < —3m/ 5. Therefore, in the rest of the proof 
of (16.291 ) we may assume that 

k > -m/2. (6.30) 

After changes of variables we rewrite^ 



fkS^ + ^, s)f+^{i + cr, s)f^,^{-i -ri-a, s)c|(r?, a) drjda, 



where 



V, ^) := HO - A(e + r?) - A(e + a) + A(e + r? + a). (6.31) 

Let 7 denote the smallest integer with the property that 2' > 23*:/42-49n^/ioo view of KM l<k - 10). 
For any m, k ^ 7,, m < k, v/e define 

' (p{x/2'') - (p{x/2''-'^), ifk>m + l, 

ip{x/2''), if k = m. 



(6.32) 



We decompose 



fc+20 



h,l2=i 



(6.33) 



'*The point of this change of variables is to be able to identify 77 = ct = as the unique critical point of the phase ^ in ( I6.31t . 
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where, for any li,l2 > ^> 

(6.34) 

Step 1. We show first that 

l^h,Z2(e,5)l <2""^e?2-3pim(2^fc^2(^i+i5)'=)-\ if ^2 > max(/i, / + 1). (6.35) 
For this we integrate by parts in 7] in the formula ( 16.341 ). Recalling that A{6) = \/]9\, we observe that 

|(a^<^)(e,?7,a)| = |A'(e + 77 + '7)-A'(e + ??)| >2'22-3^/2, (6.36) 
provided that + ^ 2^^ + r] + a\ ss2'^,|(t| f«2'2. After integration by parts in t] we see that 

where 

(6.37) 

and 

To estimate |i*)i,i2,i(C) s)\ we recall that ^ and s ai-e fixed and use (16.261 ) with 

/(^) := e--^(«+'')(a^J(C + r?,.), 

5(a) := e-^(«+'^)g(^ + a, s) • v=(a/2'^+^), 

/i(^) := e^'^(«-')f3(-C + 0, ^) • ¥^(0/2'^+^). 
It is easy to see, compare with (16.361 ). that ri satisfies the symbol-type estimates 

W,dln){^,a)\ < (2— 2-'^23'=/2)(2-'^'^2-'''^) • l[o^2,,+4](|r?|)lp..-4,2^,+4](|a|), (6.38) 

for any a, 6 G [0, 20] n Z. It follows from (I6l9l ) that 

11/11^2 < e^2-^'25P°™2"(^°/2-20)fc+^ ll^ll^^ < g^2-W22"W)/2-20)fc+^ ll^ll^^ < £^2'^/22-/3fc_ 

It follows from (l6^ . (l638]) . and dSU) that 

ll-^"'(n-c|)|Ui <2-™2-'^24^ 
Therefore, using (Ig^ISl l and recalling that 2"^^/"^ < T^l^-'^^l^ and that k < m/W, 

1-^/ / l(C •5)1 < e!^2~'^2^^°"^2~''^°/2-20)fc+ _ 2-'"/22-{^o/2-20)fc+ _ 2'2/22-/3'i: . 2~™2~'^2^'^ 
< £32-(Afo/2+40)fc+2~™' . 2""^/^ 
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Similar arguments show that \Gi^,i2,ii^, s)\ < el2'^^o/2+40)k+2-9m/8 ^^^^ ^^jj^g ^j^q 
l-^LhA^^ - ef2-(^o/2+40)fc+2-9W8 Therefore, for (16351 it suffices to prove that 

For this we integrate by parts again in t] and estimate 
where 

^/',/„2(e,s) := / e-*(«'^''^)ig(e + r?,.)J^(e + a,s)if3(-e-r?-a,5)r2(r/,a)(5,4)(r?,^ 



JR2 



and 

(5,,ri)(r7,o-) 



s(9,<I>)(e,r?,f7)- 

It follows from ( I6.38I ) that r2 satisfies the stronger symbol-type bounds 

\{d^d'^r2){v,a)\ < (2-™2-'-'^23'=/2)(2— 2-'^23'=/2)(2-"'i2-'''^) • l[o,2'i+4] (h|)l[2^,-4,2.,+4] (|a|), 

(6.40) 

for a,b £ [0, 19] n Z. Therefore, using Lemma 15^ as before, 

|i^^„^„2(e,^)l + \Gl,,l„2i^,s)\ + \Jll„2i^,s)\ < e32-(^0/2+40)fe+2— • 2-/8. 

Moreover, we can now estimate \Jl_^ 2('?' ^)l using only (16.401 ) and the bounds in (16.191 ). 

iJiuhA^^ «)l ^ 2^1+^2 . ^3^(^2^k ^ 2W+i5)fc)-3 . ^2-™2-'i-'22^''/2)22^''/2 
< £32~''^°/^+^'''*'^+2~"' • 2~"^/^° 

This completes the proof of (16.39) 1 and (16.351 1. 
A similar argument shows that 

l^/i,/2(e,5)l <2"'"e?2-3pi-(2^*^ + 2(^^+i5)^)-\ if/i >max(/2j + l). 

Step 2. Using the decomposition (16.331) . for (16.291 ) it suffices to prove that 

s + 1 

To prove (16.411 ) we notice that 

as long as \r]\ + |cr| < 2^^"^. Therefore, using the L°° bounds in ( 16.191 ) 

Jj jit s) - J{j{^, s) < el{2^'' + 2W+i5)fc)-3 . 2m2-5fc/225l < g3(2/3fc + 2(^l+^5)'=)-l2-5'"/^ (6.42) 



The use of l |6.9t requires additional dyadic decompositions in the variables 77, a, and 2^ + rj + a. This leads to an additional 
polynomial loss ~ m"^, which does not change the estimates. 
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-is»?(T/(4|5p/2) 



X fk-S-i -n-a, s)(^(2-S)^(2-'a)c^(?7, a) dijda. 
Moreover, using two of the bounds in (16.191 ). 

\ji,{^ + V,s)fi^{^ + a,s)j^^i-^-r]- a, s) - f^^i^, s)j^^{C, s)fi^^{-t s) \ 

whenever [t^I + \a\ < 2'"*"^. In addition, using (16.91 ). 

|c|(??,a)-c|(0,0)|< 23^/^2', 
provided that \ri\ + \a\ < 2'+^. Therefore 

s)- [ e-'''^/(^l«l''')g (e, (e, s)/^^ (-e, .)v^(2-'r?)(^(2-V)c|(0, 0) dr,da 

< 22^23^/2 . £32l/22-A^ofc+25pom.2-fc{l+2/3) 

r-.^ 1 

< el{2'^^ + 2(^i+i^)'^)~i2~^™/^ 
Starting from the general fomiula 

f ^-ax^-bx^^ ^ e^'/^^-^^V^/V^, o,6 G C, Rea > 0, 
Jr 

we calculate, for any > 1, 

" " dy = 2iT + 0{N-^ 



^-ixy^-x^/N'^^-y^/N^ 



dxdy = \/ttN / e 
Therefore, for > 1, 

/ e^''=y^{x/N)^{y/N) dxdy = 27r + 0(Af"^/2). 

Recalling also that 2^ |^|3/42-49m/ioo^ follows that 

l«l''')(^(2-'r?)(^(2-M d7?da - ^^(27r) < 23^-/22-(i+4m)-. 

s 

Therefore, using also (16. 19l l. 



-js»7(7/(4|g|3/2) J.+ 



ft ^)fk, (-e, s)^(2-S)^(2-'ct)c| (0, 0) di^da 



< ^32-(H-4pi)m2-Afofc4 



(6.43) 



(6.44) 



(6.45) 



and the bound (16.411 ) follows from (16.421 ). (16.44 l i. and (16.451 ). This completes the proof of the lemma. □ 
Lemma 6.5. The bounds (16.231 ) hold provided that (16.221 ) holds and, in addition, 

max(|A;i — k\, |/c2 — ^1, 1^3 — ^|) > 21, 

min(A:i, A;2, k^,) > — 19m/20, max(|A;i — k3\,\k2 — k^l) > 5. 



(6.46) 
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Proof of Lemma 1631 Recall the definition 

lt%M^^^') = I ^'''''^^''''''^fiS^ + V,s)ji^{^ + a,s)fi:^{^^ (6.47) 
where 

r?, a) = A(0 - A(e + ??) - A(e + a) + A(e + r/ + a). 
It suffices to prove that, for any s G [ti, ^2], 

KmM^^^ ^)| ^ 2-™e32-2pi-2-(^i+i5)'=+. (6.48) 
By symmetry, we may assume that \ki — k^l > 5 and notice that 

\{dr,m, V,<^)\ = \- A'(^ + A'(e + ^ + > 2— "('=^''=3)/2^ (6_49) 

provided that |C + ??| G [2'=i-^ 2^=1+2], |^ + + cr| G [2^'«-^ 2^3+2]. As in the proof of Lemma l64l we 
integrate by parts in r] to estimate 

|/++,;,3(e,.)l<|Ji^(e,.)l + |j?(c,^)l + |i^i(e,s)l + |Gi(e,s)l, 



where 



and 

Using also ( I6.49K it follows easily that 

II-^"'(^3)||li < 2— 2-''^('=^''=3)/2, ||-F-i(a^r3)||ii < 2-"2--''^('=i''=3)/2_ 
We apply first (16.261 ) with 

m := e-^«+^)ig(e + V, s), g{a) := e"-^«+'^)5^(C + a,s), h{e) := e-^(5-e)^^(_^ ^ 
Using also ( I6.19K (16.81 ). and (16.91 ). we conclude that 

Similarly, we apply (|6.261 l with 

and use (16.191 ) to conclude that 

1-^1 •5)1 < e!^2~'"''22^Po"^2~'^^2~''''^°/2-30) ™ax(fci,fc2,fc3)+ . 2-"^2™™^^i'^3^/2 

Finally, we apply (16.261 ) with 

7(r?) := e-*''^«+^)ig(e + 7?,s),?(cT) := e-^«+-)^^(C + a, s), ^0) := e-^(«-^)(aif3)(-C + 0, s), 
and use (16.191 ) to conclude that 

^)\ < e^2~"^/22'^Po"^2~'^3 2~^^''/2-30) ™ax(fci,fc2,fc3)+ _ 2-'^2^^'^^^^'^^^^'^ 



(6.50) 



(6.52) 
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Therefore 

\Jl{C,s)\ + \Fi{ts)\ + \Gi{C,s)\ <e32-m2-(Afo/2-30)fc+2-'"/2+8pom2-mm(fei,fe3)/2^ 

and the desired bound (I6.48l l follows from the assumptions — min(/ci, /c3)/2 < 19m/40, see (I6.46I ). and 
max(A;i, /c2, ^3)+ < 3m/No (see the hypothesis of Lemma [63] ). □ 

Lemma 6.6. The bounds (16.231 ) hold provided that (16.221 ) holds and, in addition, 

max(|/ci — k\, \k2 — |/c3 — k\) > 21, 

min(A;i, k2, k-^) > — 19m/20, max(|A;i — A;3|, |A;2 — A;3|) < 4. 
Proof of Lemma We may assume that 

min(A:i,A;2,/i:3) > /i: + 10, (6.51) 

and rewrite 

X /fc~3 (-C - ?? - s)v'[fc2-4,fc2+4] (cr)c| iv, dvda, 

where, as before, 

$(^, rj, a) = A(e) - A(^ + ??) - A(e + a) + A(^ + 7? + a). 
It suffices to prove that, for any s G [ti, ^2]. 

^ 2— e32-2Pi-2-(7Vi+i5)fc+^ (6.53) 

Notice that 

\{d,m, V,^)\ = \- A'(e + V)+ A'(e + + ^)| > 2-'^^/^ (6.54) 
provided that |^ + ?/| G [2'=i -2, 2^=1+2], |^ + + ^1 G [2''3-2^ 2^=3+2]^ ^nd |o-| w 2^^ (recall also that 
2^1 ~ 2^^^ ~ 2*^3). The bound (16.531 ) follows by integration by parts in r], as in the proof of Lemma |63] □ 

Lemma 6.7. The bounds (16.231 ) hold provided that (16.221 ) holds and, in addition, 

max{\ki — k\, \k2 — k\, {k^ — k\) > 21, 
m.m{ki,k2,k3) < — 19m/20, k< — m/5. 

Proof of Lemma W7\ It follows from the definition and the bounds (16.81 ) and (16.191 ) that, for any s G [ti, t2]> 

J++-^ ^) ^ e3|^|l/22(l~/^) '^™('^l''^2,fc3)22pom.2-(Afo-20) max(fci,fc2,fc3,0) 
<^ 2^™g-32~2pim2— (^+15)*:+ 

The desired estimate (16.231 ) follows in this case. □ 

Lemma 6.8. The bounds (16.231 ) hold provided that (16.221 ) holds and, in addition, 

max(|A:i — k\, \k2 — k\^ |/c3 — A;|) > 21, 
min(A;i, A;2; ^3) ^ — 19m/20, k > —m/5. 



(6.56) 



Proof of Lemma 16751 In this case we cannot prove pointwise bounds on 1^^^ '^^j ^gl'^i s)| and we need to 
integrate by parts in s. For (|6.231 l it suffices to prove that 



j ^iH{i,s)^^sHi,r,,.)J+ ^^ ^ ^) J + _ ^ _ ^)^*(^^ ^) ^^^^^^ 

jR2x[ti,t2] 

< ^39-2pim9-(Ari+15)fc+ 



(6.57) 
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where 



2(0 
47r2 



1/(^,0 



r + 1' 



The assumptions (16.561 ) and ( I6.22I ) show that 

k := min(/c, med(A;i, ^2, ^3)) > —m/5. 
Then we make the simple observation that 

A(a) + A(6)-A(a + 6) > A(a)/2 if 0<a<6 
to conclude that $ satisfies the weakly elliptic bound 

r?, (7)1 > 2^/2-10 



(6.58) 



(6.59) 



provided that 1^ + r/ 1 € [2*^1-2,2^1+2], \^ + a\ G [2^=2-2, 2^=2+2], |^ + 7? + o-| G [2*^3-2, 2^3+2]_ Letting 
s) := {dsH){^, s), we notice that, for any s G [ti, t2]> 

s)\ < el2^H-^°^+2-'^. (6.60) 
We integrate by parts in s to conclude that the integral in the left-hand side of (16.571) is dominated by 



where 



t2 



1 d 



and, for j = 1,2, 



2 ^{^,r],a)ds 
xfi,iC + V, s)f+^ (e + a, s)^3 {-C-rj- a, s)c| (v, a) 



drjda 



ds 



Let 



r4(7/,cr) := 



$(e,r/,cj) 



$(e,r/,cj) 

Using (I6.59l) - (l6.60b and integration by parts it is easy to see that, for any s G [ti, ^2]^ 

11-^-^(^4)11^1 < 2-^/2. 
Using the L°° bound in (16.191) we estimate, for j G {1, 2}, 

< g32(l~/9)mm(fci,fc2,fc3)2-(^o/2-20)fc+ < g32-3m/42-(Afo/2-20)fc+ ^ (6.62) 



(6.61) 
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Expanding the d/ds derivative we estimate 

B\i)<2^ sup [Bl{i,s) + Bi{i,s)+Bl{i,s)+Bl{i,s)l 

^ll^g (e + r/, + a, s)j^^ i-^-V- CT, s)cl iv, a) | d^da, 



B^2i^,s) 



As before, we combine (16.261 ). ( I6.61I ). and the bounds ( I6.19I ) and ( I6.27I ) to conclude that 

sup [i??(e,^)+i?2°(e,^)+53°(e,^)] <H?2-W42-(A^0/2-20).+ _ 

^*e[ti,i2] 

In addition, using the definition of the function H, we have 

sup <e?2— . 

Therefore 

sup So°(e,s) < e32-5W42"(^0/2-20)fc+_ 
sG[ti,t2] 

6 The desired bound (1637] ) follows from (l632l ). (l633T l. and (l635l) . 



(6.63) 
(6.64) 

(6.65) 

□ 



6.2. Proof of ( 16.241 ). After changes of variables, it suffices to prove that 

e^^^^'^^e^^'"'-''-'''^^'^'-^^^ + r/, s)fyc + a, s) 



xf^li-^-V- ^, s)c'i'''H^> -i-V-^) drjdads < e32-2pim2-(7Vi+i5)fc+^ 



(6.66) 



where (ii, i2, is) e {(+, +, +), (-, -, +), (-, -, -)} and 

c^^i'^^'^H^, T], a) = A(0 - iiA{^ + V)- i2A(e + i^H^ + v + 
The main observation is that the phases ^'^I 's-'^a are weakly elliptic, i.e. 

I ^'-1,^2, 13 ^ ^~)| > 2med(fei,fc2,fc3)/2-100 

provided that I ^+r?| G [2^^~^,2''^+%\C+a\ G [2^'2-2, 2^=2+2], g [2'=3-2^ 2^'3+2], and (ii, ^2, ^s) e 

{(+,+,+),(—,—,+),(—,—,—)}. The proof then proceeds as in the proof of Lemma 16. 8 1 using integration 
by parts in s. 



7. Lagrangian formulation and "Wu's good coordinates" 

Let V be the fluid's velocity field, recall that we denote by z : {t, a) G [0, T] x M — ^ ( 
map (restricted to the surface parametrized by a), that is the solutions of 

zt{t,a) = v{t, z{a,t)) , z{0, a) = a + iyo{a) . 



the Lagrangian 



(7.1) 



z{t, a) = x{t, a) + iy{t, a) is the equation of the free interface. The imaginary part of z, Imz, measures the 
height of the interface. 
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7.1. The transformation k and modified Lagrangian coordinates. Define the change of coordinates k 

k{t, a) := z{t, a) + ^{I + %-,){! + /C^)~\z(t, a) - z{t, a)) (7.2) 



where T-Lj denotes the Hilbert transform along the cui-ve 7, see (II. 5I ). and /C^ = Re^,. k will be shown to 
be a diffeomoiphism on M. Given the change of coordinates k we can define the transformed Lagrangian 
unknowns as in ||Wu09l 



L{t,a) := {(ait, a) — 1, u{t, a) , w{t, a) ,lm({t, a)) 



with 



C{t,a) 
u{t, a) 
wi^t, a) 



z{t,k~'^{t,a)) 
zt(t,k~^{t,a)) 
ztt{t,k"^{t,a)) . 



(7.3) 
(7.4) 
(7.5) 



Note that 



where 



w(t^ a) := ztt{t, k ^(t, a)) = [dt + b{t, a)dQ.)u{t, a) - 



b{t,a) = kt{t,k~'^{t,a)) . 

Also, following ||Wu09ll we define the "good quantities" in terms of the transformed Lagrangian unknowns 

2i{I - 'H<:)lmC = {I- n^Xz -z)o k~^ (7.6) 
{I - 'H(;){iJ o k~^) = {I - n,)t/j o k^^ (7.7) 

dt{i-n,)iz-z)ok~^ = {dt + bda)x , VI := {I - nc)v . (7.8) 

We recall that is the trace of the velocity potential in Lagrangian coordinates: ip{t, a) = ^{t, z{t, a)). The 
quantities x, ^ and v are those for which cubic equations are derived and the Energy argument is performed. 
The relation between the Eulerian trace of the velocity potential 4> and the surface elevation h with the 
Lagrangian quantities is given by the identities: 

h{t, Rez{t, a)) = lmz{t, a) (7.9) 

(j){t, Rez{t, a)) = tp{t, a) . (7.10) 

Composing with k~^ these become 

/i(t,ReC(t,a)) = ImC(t,a) (7.11) 

^(t,ReC(t,a)) = V(i,A;~^(t,a)) . (7.12) 

7.2. Proof of Proposition 12.21 The proof of Proposition 12. 2 1 requires a substantial amount of material and 
some bounds that can be found only later in the paper, for example in section IB. 31 However, since the 
existence of the diffemorphism k for all t G [0, T] justifies the existence of the modified Lagrangian coordi- 
nates, and the construction of the energy, we give the proof of this Proposition below. We will refer to the 
necessary tools whenever needed. 
We start by assuming a priori that 



sup ||A;Q(i) 
[o,r] 



11 



^^iVo/2+l,o 



1 

< - 

- 2 



Furthermore, we assume (lEOI i. that is 



sup 

[o,r] 



(i + t)-p«ll(Mt),a,.,^(t))ll^ +^/rTt||(Mt),Ac/.(t))IU, 



(Bl) 



(7.13) 
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and (IlTI ) and (lL2l) . that is 



sup 

te[o,T] 



(l + t)-P«||L 
We then aim to conclude 



+ 11^ 



+ Vl + t\\L 



<ei. 



sup ||A;Q(t) - l||^yiVo/2+i,oo < eo + ^1 

[0,T] 

as a consequence of the following Lemmas: 

Lemma 7.1 (Approximation of kt). Let k be defined as in (17.21) then the following formula holds: 
Under the assumptions (17.131) and (17.141) there exists 7 > 0, such that for any t G [0, T] 



(7.14) 



(7.15) 



d^[u,'H^]^^^^-n{h,<l))oReC 



and 



Co 



HNo/2+2 



-1/2-7 



(7.16) 



(7.17) 



(7.18) 



w/f/i To given by 

To{f,g) := - Ho)g.,,Ho]{I - Ho)f^ . (7.19) 

Lemma 7.2 (Estimate for Tq). Under the a priori assumptions (17.131 ). 7 > such that 

ro(/i,c/')||^iv„/2+i,oo <£?(! + 1)-^-^ (7.20) 

\\To{h,ct>)\\HNo/2+2 < el{l + tr^/^~'^ . (7.21) 

The proofs of Lemma |7.1| and |7.2| are in section 173] and iT^ respectively. We now show how Proposition 
l2.2l follows from them. 

Proof of Proposition 12. 21 Since we know by our priori assumption that k is diffeomorphism, we can define 



K{t,a) := [z„^,]£^^ofc-i 



(7.22) 



From the properties of the Hilbert transform and the definition of C and u in (17.31 ) and (17.41 ). we see that 



K{t,a) = [n,^^]- 



and 



(7.23) 
(7.24) 



iI-'Hc)iktok-^) = K{t,a). 
Applying the estimate (lA. Ill ) for the inversion of I — H, with f = kt o k~^ and g = K, we see that 

\\da{kt o A;~"^)||p^jvo/2+i,oo < \\daK{t,a)\\y^rNo/2+i,a^ + \\lmCa\\w'^o/'2+i,°°\\daK{t,a)\\j^No/2+2 . 
From the a priori assumption (I7.14l i and (IB 11 1 it follows that 

— 1 /2 

,a)\\ffNo/2+2. (7.25) 

Applying successively (17.171 ) and (17.201 ) we see that 

||a«ir(t,a)||^^o/2+i,^ <£?(! + t)-^-^ + ||ro(/i, ,/.)||^^iVo/2+i,^ + 0"'"^- (7.26) 

Similarly, from (17.181 1 and (I7.21l i we have 

||5«K(t,a)||^^o/2+2 + t)-'/'-^ + ||ro(/i,,/))||^^o/2+2 <£?(! + t)"^/'"^ (7.27) 
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Plugging (17.261) and (17.271 ) into (17.251 ) gives 

\\daktmy^.No/2+uo.<elil + t)-'-'^ 

whence 

\kait) — l||j^iVo/2+l,oo < 11^0(0) — l||y(/iVo/2+l,cx) + f \\^ska{s)\\^rNg/2+l,oo ds < Eq + CyEi . 

□ 







7.3. Proof of Lemma ILB The identity (17.161 ) is proven by Wu in Proposition 2.4 of l|Wu09l Let K be 
given by (17.221 ): 

K{t, a) = [u, n^] = Qo{u, C - 1) , (V.28) 

where Qo is the bilinear operator defined in (IA.28l l. We aim to approximate daK by TQ{h, (j)) showing 

Wdo^K - To{h, 0) o ReCllt^iVo/2+i.oo + t)"'"^ (7.29) 

\\daK - To{h, 0) o ReC||j:,iVo/2+2 < e?(l + t)-^/2-7 _ (7 30) 

Step 1: Approximation of u. Let Hq denote the flat Hilbert transform, Hq = T-Lii according (II. St . We start 
by showing 

\\u -{I- Ho)(P, o ReCllvK^o/2+3.00 <£?(! + i)"'^'"^ ■ (7-31) 
Using the identity (IB. 1421) as in the proof of Lemma IB31 we can schematically write 

u-daX = L-L + Q{L,L), 
so that using (IA.51I ) to estimate Q, and the a priori decay assumptions, we get 

\\U — daX\\lYNo/2+3,oc. < ||L||^iVo/2+5,oo < ef^l + t) ^ . 

To obtain (17.311 ) it then suffices to show 

\\daX -{I- Fo)</>. o ReClli^iVo/2+3,00 + t)"'/'"^ . (7.32) 

Looking at (IB. 1481 ) and (IB. 1491) in the proof of Lemma IR!6| one can see that 

\\daX - da[{I - Ho)(t> oRe(]\\y^^No/2+3,oo < ||0||^yiVo/2+5,cx>||/l||^yiVo/2+6,oo < sfil + t)"^^^ , 

having used also (14.351 ) in the last inequality. Since we also have 

\\da [{I - Hq)cI) o ReC] - (/ - Ho)cl)^ o ReC||^yiVo/2+3,oo 

= IIU- ^^o)0x oReC(ReCa - l)||,yiVo/2+3,oo < ||A(/)||yi/iVo/2+4,oo||Ca - l|lvi/^o/2+3,oo < eji^ + ty^ , 
we have verified (17.321 ). hence (17.311 ) with /3 = 1/8. 

Step 2: Approximation ofCa — 1- We want to show that Co — 1 can be approximated as follows: 

WCa Ho)h, o ReC a„ReC||vK^o/2+3,- < + t)"'/'"^ (7.33) 

(Ca - 1 - i{I - Ho)h^ o ReCa„ReC)||i^iVo/2+i,oo < + t)"'/'"^ , (7.34) 
for some 7 > 0. Putting together the identities (IB. 1431 ) and (IB. 1421) . as in the the proof of Lemma IB31 we 



can write 



Ca - 1 - ^d^X = n{L-L) + L-nL^ + L-L^ + Q(L, L) + A-l + --- (7.35) 
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where operators of the type Q are defined by (|A.29l l- (IA.31l i. A is defined in ( I7.90I ). and "• • • " denotes 
cubic or higher order terms which are more easily estimated, and we will therefore disregard. Notice that 
interpolating between the bounds provided by the a priori assumptions (17.14b one has 

||Z(^)||^ivo/2+5„<el(l + ^)"^/'+^/^ 

for any p > 2. Combining this with the estimates (IA.47I ) and (IA.46I) for Ti in W^''^, we see that 



(7.36) 



n{L-L) + L-nLa + L-L^ 



< 



|-^lliyJVo/2+'l>P + l|-^llvi/^0/2+4.°° ) l|-^^llvi/^0/2+4>°o ^ + t) ^^^^^ 



(7.37) 



and 



< 



IILI 



-i+i/p 



(7.38) 



(7.39) 
(7.40) 

(7.41) 
(7.42) 



n(n{L-L) + L-nLa + L-L, 

for an arbitrarily large p ^ oo. 

We then want to obtain similar bounds for Q(L, L) and A — 1, and more precisely 

l|Q(^'^)|L^0/2+3,oo 

\\nQ{L, L)||^^„/2+:,^ < elil + tr'+'/^ 

and 

P- 111^^^0/2+3,00 <e?(l+t)-^+^/^ 

p(^-l)||^^„/2+l.oo<e?(l + ^)-'+'/^ 

The first bound (I7.391 l follows directly from (IA.39t and the a priori decay assumptions. To obtain (I7.401 i first 
notice that the inequality in (IA.58I ). which is an application of the estimates in |A.6[ gives 

||Q(-^5 -^)||//iVo/2+3 ^ ||i||/^iVo/2+4||L||^JVo/2+3,oo ^ + t) ^^"^ . 

Interpolating this and the L°° bound (17.391 ) gives 

||Q(L,L)||^^^„/,+3,. <e?(l + ^)-^+^/^ 

(17.401 ) then follows by applying (IA.47I ). 

Both ( 17.411 ) and ( 17.421 ) rely on the identity (IA.24I ). which we can schematically write as 

(/ - n)[A - 1) = \L,n\L^ + \L,n\L + • • • (7.43) 

where once again "• • • "stands for cubic order terms which we are going to disregard. Applying (I A. 101 ) we 
get 

M ~ l|liyJVo/2+3,oo < ||[L,?^]Lo + [-^^,^]-^>||^iVo/2+3,oo + + "^^^ 1 1 [-^^, "W] -^a + [-^^ ) "^1 1 1 //iVQ /2+4 ■ 

We can then bound the above right-hand side by using (IA.47l i. (17. 361 ). the a priori decay estimates, and the 
boundedness of in (IA.3I ): 

M ~ l|liyJVo/2+3,oo < (||L||^JVo/2+5,p + ||L||jyiVo/2+5,oo) ^ e\{\ + t) + ^'^'^1^. 

We have therefore obtained (|7.41| i. Since (17 .431 1 holds true also for ^(^4 — 1), up to a sign, the estimate 
(17.421 ) follows as above. 

Putting together (I7.35I )- (I7.42I ) we have 



Co 



1 - \^o,X 



14/JVo/2+3,. 



-1/2-7 



2 / VF^o/2+i>°o 



■1/2-7 
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for some 7 > O.To obtain (17.331 ) and (17.341 ) it is then enough to show 

\\d^X - W - Ho)K o ReC9„ReC||^iVo/2+3,oo < + t)-^/2-7 

Wn^ (da^X - - Ho)h, o ReC ^aReOII vK^o/2+i,co < + i)"'^'"^ • 
In Ught of (IA.46I) both bounds would follow from 

IIX - 2i{I - Ho)h o ReCllvK^o/2+4,00 + . (7.44) 

From the definition of x in (17.61) and ( 17.91 ) we see that 

X = 2t{I-n){hoReC). 
Applying the inequality (IB. 1461 ) with / = 2ih, one gets 

IIX - 2«(/ - //o)^ ° ReC|lvi/iVo/2+4,oo < ||/l||vi/iVo/2+5,oo||/l||y(/JVo/2+6,c=o + || (/ - i^o) (/l/l') II iy^o/2+6,c=o 
^ ll^llH/iVo/2+7,00 + ||l9a:-f^0/i^|lvi/^0/2+6,=o < ||/i||^JVo/2+8,oo ^• 

This gives us (17.441 ) and concludes the proof of (I7.33I )- (I7.34I ). 

Step 3: First approximation of daK. We now want to show 

\\daK - do^Qo ((/ - Ho)^, o ReC, (/ - Ho)h, o ReCReCa)||vK^o/2+i.oo < e?(l + t)"'"^ (7.45) 
\\daK - do^Qo {{I - Ho)^, o ReC, (/ - Ho)h, o ReCReC«)||j^^o/2+2 <£?(! + . (7.46) 

Let us denote 

Ai:=u-{I- Ho)())^ o ReC 

^2 := Ca - 1 - i{I - Hq)K o ReC «9aReC 

Using (17.281 ) we can write 

do^K - daQo {{I - Ho)<l),, o ReC, (/ - Ho)h,, o ReC a„ReC) = Ki + K2 

where 

Ki :=daQo {Ai,Ca-l) 

K2 := d^Qo ((/ - Ho)^, o ReC, ^2) • 

From (17.311 ). (17.331 ) and (17.341 ) we know that there exists 7 > such that 

Pi 11^^^0/2+3,^ < e?(l + , (V.47) 

||A2||t^iVo/2+2,^ < elil + t)-^/2-7 ^ (7_48) 
ll^^2||H/iVo/2+i,oo < ejil + ty^/^-^ . (7.49) 

Using the L°° type bound (IA.42I ) for operators of the type daQo, (17.471 ) above, and the bound in Proposition 



3]together with the a priori decay assumption in (I7.13t . we see that 

ll-f^lllH/JVo/2+1,00 < ||^l||^^JVo/2+3,oo (||^(Ca - 1)IIh/JV0/2+1,°o + lICa — l|lvi/^0/2+2,cx)) < ^^(l + t) ^ ^ . 

Similarly, in view of (17.481 ) and (17.491 ) above, one has 

11-^^^2111^^^0/2+1,00 ^ — Ho)(l)x O ReC||y[/iVo/2+3,oo ( 1 1 ^ ^2 1 1 ^yiVo/2+l,oo + 1 1 ^2 1 1 Vl/iVo/2+2,cx) ) 

<eUl + t)-'-\ 

We have therefore obtained (17.451 ). The ^0/2+2 estimate (17.461 ) can be obtained similarly, estimating Ki 
and K2 in i7^o/2+2^ ^^jj^g bounds on Ai and A2 given by (TTJTT ). (|733]), dT?7] ). dT48] ) and (17491 ). 
and boundedness properties of the Cauchy integral on Sobolev spaces, see (IA.3I ). 
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Step 4: Approximation by Tq. Let us denote 

^0 := dM - Ho)<P (7.50) 

ho:=dM-Ho)h (7.51) 

To eventually obtain ( |7.29I )- (I7.30I) it suffices to combine (I7.45I )- (I7.46I ) with 

WdaQo {^0 o ReC, ho o ReCReCa) - To{h, o ReC\\wNo/2+i,^ < e?(l + (7.52) 

WdaQo (00 o ReC, ho o ReCReCa) - To{h, 0) o ReC\\i,No/2+2 < e?(l + t)"^/'"^ . (7.53) 
With the notation (|730ll-(|73D we can write To{h, (p) in dTTTO] ) as 

To{h, 0) o ReC(a) = d^[^o, Ho]ho o ReC(a) = -8^ [ ^^^^^l^^^ho{y) dy o ReC(a) , (7.54) 

zvr J X — y 

whereas writing explicitely Qo and changing variables we can write 

d^Qo (00 o ReC, ho o ReCReC«) = -9, / '^o ° ReC(«) - 0o " ReC(/3) ^ j^^^^^^ j^^^^^^ 

ZTT V./ X + ih{x) - [y + ih{y)) J 
Then the difference we are interested in is given by 

daQo (00 o ReC, ho o ReCReCa) - To(h, cj)) o ReC(a) = Ti o ReC (ReC^ - 1) + o ReCReCa , 
where 

r,:=la. /M^l^^M.)^y (7.56) 

«7r 7 V y (x - y)^ 

for some smooth function H. We have expanded the denominator in (17.551 ) to obtain the above identity. 
Then, since ReCa — 1 decays like (1 + t)^^^^ in L°°, in order to get (I7.52l i it suffices to prove 

< e?(l + (7.58) 

\\T2\\wNo/2+i,^ < elil + ty^~^ . (7.59) 
Applying dx to the integrand in (I7.56I ). and using (IA.50I ). we see that 

)o(x) - 00 (y) 



mil 



-ho{y) 



+ ||9x0O -f^O^ollvK^o/2+i.' 

(yiVo/2+1,00 



(x - yf 

^ ll0o|lvi/^o/2+3.°° (ll^o|liyiVo/2+2,<x> + ||^?o/lo|liy^o/2+2,cx)) 

^ ||A0||^iVo/2+4,oo||/l||iyiVo/2+3,cx, < e?(l + t)"^ . 

Similarly, again using (IA.50I ). it is not hard to see that 

l|72|ll4/JVo/2+l,t» < ||/l||^yiVo/2+3,cx) ||0o||v(/JVo/2+3,<x, ||/lo||^yiVo/2+2,cx) <ei(l+t) ■ 

This gives us (17.591) and concludes the proof of (17.521 ). 

The remaining estimate (I7.53l l can be obtained similaiiy, using the bounds of Theorem |A3] instead of 
the L°° bound (IA.50I ). In particular it suffices to show 

||ri||^^„/2+2 < el{l + t)~^ and ||T2||^^„/2+i,.o < + t)-'/'+^ . 
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We only detail the bound for Ti as the one for T2 can proved similarly (notice that T2 is a cubic temi 
and therefore its bounds are (1 + t)'^^"^ better than those of Ti). Applying to the integrand in (17.561 ). 
commuting derivatives via (|A.49bl l. and using the estimates in Theorem lA.5[ one sees that 

(l)o{x) - 0o(?/) 



-ho{y) 



+ Wdxfl^o HQho\\^No/2+2 

HNo/2+2 



{x - yf 

^ I|0o|Ih^o/2+3 (||/i0|lvK^0/2+2,oo + ll-f^o/lollvi/^o/2+2,00) < £1(1 + t) 

which is more than sufficient. □ 
7.4. Proof of Lemma |7j2l The proof proceeds in several steps. 

7.4.1. Step 1: The operator in Fourier space. Introduce the notations 

^■.= {I-Ho)<P , h:={I-Ho)h 

so that from (|7.191 l we can write 

dxTo{h, (j)) = dx[(j)x,Ho]hx . 
By taking Fourier transform, and using the notation (I5.lt . we see that 

dxToih,(l)) = M{h,^) (7.60) 
where the symbol of the operator M is given by 

mi^,v)=^v\C-^l\-\^m-v)- (7.61) 

We then want to show 

\\M(h, ^) 11^^0/2+1,00 + i)"'"^ (7-62) 

\\M(h, ^) 11^^^/,+, <£?(! + t)-^/'-^ (7.63) 
under the a priori assumptions (|7.131 l and (|7.141 i. 

7.4.2. Step 2: Approximation. Let H and ^ be the functions defined in (14.171 ) in Proposition 14. II Define 

$:=(/- Ho)^ , H:={I- Ho)H . 
We then claim that the following hold true: 

||M(/J J) -M(^,$)||^^„/,+i,^ <£?(! + (7.64) 

||M(/J J) -M(^,$)||^^,/2+2 + i)"'^'"^- (7.65) 

Using (14.171 ) we see that 

M(h, ^) - M{H, = M{{I - Ho)A, ^) - M{H, {I - Ho)B) . (7.66) 
From the definition of m in ( 17.611 ). the definitions ( 15.141 ) and ( 15.191 ). and ( 15.171 ) in Lemma [S!2l we see that 

< 2^2'=i2'=2 . (7.67) 

Combining this with the L°° bounds an A and B in ( 15.271 ). and the a priori bounds (15.231 ). one can immedi- 
ately verify that 

||M((/ - Ho)A, ^) 11^^,/.+!,.. < e?(l + t)-"/' 
\\M{H, (/ - Ho)B) 11^^,/,+!,.. < + t)"'/' • 

These and ( 17.661 ) give us ( 17.641 ). Similarly one can show ( 17.651 ) again by using ( I7.67K Lemma \52\ ( 15.231 ) 
and the bounds on the Sobolev norms of A and B provided by ( 15.261 ). 
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7.4.3. Step 3: Reduction to bilinear estimates. We are left with proving 



M(H, ^) |L^o/2+i,oo < + ty'-"' , (7.68) 



\\M{H, ^) 11^^^/2+2 <£?(! + t)"'/'"^ . (7.69) 

Denote = f, f_ =J and define 2V = H + iA$, so tliat H = V+ + V-md^ = -iA"^{V+ + V-). 
We then have 

M{H,^)= Yl Cs„e,Q{Vs„Vs,) (7.70) 

ei,e2G{+,-} 

where, again according to the notation (15.11 ). 

q{^, v) = \vr'^^ -v\- - v)] , (7.71) 

and Cg^^ej some constants. With the notation (15.141 ) and (15.191 ) we have 

||^fc,fci,fc2||^^ < 2*^2*^1 2''2/2 . (7.72) 

From the definition of Vq and the bounds provided by (14. 251 ). (14.261 ) and (14.301 ) onV = H + iA^, we see 
that the desired bounds (|7.68l l- (|7.69l l reduce to showing the following bilinear estimates: 

\\Q{v±{t),v±m\^Mo/2+i,^ <el{l + tr^~\ (7.73) 

\\Q{v±{t),v±m\^N,f,+2,^ <el{l + tr'/^-\ (7.74) 

where q is as in (17.711) . and v = e~**^/ satisfies for all k G Z 

Ili^fc^^WllvF^i.- <ei(l + t)-'/', (7.75) 
WPkfmnNo-io <eiil + tr , (7.76) 
\\xd,Pkfm N^_^^<ei{l+tr ■ (7.77) 

7.4.4. Step 4: Proof of the bilinear estimates (I7.73I )- (I7.74I ). 

Step 1: Frequency decomposition. It suffices to show that for all t G [2™ — 2, 2"*+^] and m G {1, 2, . . . }, 
there exists a constant 7 > such that 

\\PkQ{Pk,v±{t),Pk^v±m\w^,/^+^^^<el2'^^+^^'^ , (7.78) 

fc,fci,fc2 

J] \\PkQ{Pk,v±{t),Pk,v^m\H^on+^ ^ e?2-(i/2+7)'" . (7.79) 

fc,fci,fc2 

By symmetry and conjugation it is clear that we can reduce matters to proving the estimates (I7.78l )- (|7.79l ) 
for the two biUnear operators 

T+{fJ)it) := / e^**+g(e,r?)/+(i,e-r?)/+(t,r/)dry (7.80) 
Jr 

r_(/,/)(t) :=^-^ / e'**-<7(^,7?)/+(t,^-7?)/_(t,r?)dr?, (7.81) 

where 

'^±itv) = \v\'^^±\C-v\'^^ , q{^,v) = \v\~'^^M^-v\-\^m-v)]- (7.82) 

Notice that under the a priori assumptions these bilinear terms have decay rates which barely fail to give 
(17.781 ) and (17.791 ). The key to obtaining the extra necessary decay is the vanishing of the symbol on the 
space-resonant sets, i.e. when V^<I>± = 0. One can then use integration by parts in frequency, and the 
weighted bound (17.771 ). to derive the desired estimate. 
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First let us obsei^ve that using (I7.72l i. Lemma 15.21 and (I7.75I )- (I7.77I ). one can bound as desired the 
sums in (17.78b and ( I7.79K for all those frequencies {k,ki,k2) such that min(A:, fci, ^2) < —iti/Nq and 
max(A;, ki, ^2) > 3'm/NQ. The remaining sums have only Cm^ terms. Therefore it suffices to show the 
estimates for each (fc, /ci, ^2) fixed satisfying 

k,ki,k2 e[-m/No,5m/No]nZ , max(A;i, A;2) > /c - 10 . (7.83) 

Step 2: Spatial decomposition. Let us define p : M — )• [0, 1] to be an even compactly supported function 
which equals 1 on [0, 1] and vanishes on [2, 00). Let R := 2^"^/^. We decompose the profiles f± into two 
pieces: / = f>R + f<R where 

f<Rix) = f{x)p , f>R{x) = f{x) - f<R{x) . 

We then want to show that for all t G [2"'-2, 2™+^], m G {1, 2, . . . }, and A;, fci, /c2 G [-m/No,3m/No]nZ 

\\PkT±{PuJ>R{t),Pujm\L^ + \\PkT±{PkJ<R{t),PkJ>Rm\L^ < e22-(l+^)™2-(^o/2+l)fc+ ^ 

(7.84) 

\\PkT±{PkJ<R{t),PkJ<Rm\Loo < e22-{i+7W2-{^o/2+i)'^+ . (7.85) 
We also need to prove the i7^o/2+2 

versions of the above estimates corresponding to (I7.791 l. but since those 
can be obtained analogously we will skip them. 

Step 3: Proof of (17.841 ). First notice that both terms in (17.841 ) have (at least) one profile supproted at a 
distance R from the origin. Since this is the only important aspect that we will use to gain the necessary 
decay, we only show how the estimate for one of the terms, the other being analogous. We then want to 
prove 

for any k, ki,k2 Gj-m/No, 3m/No]nZ, and any t G [2"^ - 2, 2™+i]. Using (TtTtII) . Sobolev's embedding, 
and the bounds (17.751 ) and UJH . we see that 

\\PkTiiPkj{t),Pkj>Rm\L^<'^''^'''^''^^\\Pk,v±{^^^^ 

<^ 2^2^^£i2~"''^'^2~^^''^^''^^^^'^^\\d ■f>R(t)\\ 2 ^ g^2^2^^2~'^^^ R~^2~^^'^^'^~^^^'^^''''^^^'^^'^'^2^^° 

< ^29-9m/89-(Afo/2+l)fc+ 

m view of the frequency constraints (ItMI) . po < 1/1000 and R = 23™/4. 
Step 4: Proof of (17.851 ). It suffices to show 

\\PkT±{PkJ<R{t),PkJ<Rm\^^ < e22-9-/82-(A^0/2+l)A:+ ^ 

for any k, ki, k2 as in (17.831 ) and t G [2"' - 2, 2™+^]. We distinguish the two cases of T+ and r_. In the 
first case we introduce and extra cutoff in ^ — 2r] by writing 

PkT+{PkJ<R{t),PkJ<R{t)) = ^PkTi{PkJ<R{t),PkJ<R{t)) 

r _ (7.86) 

where is as in (17.821 ). First notice that the contribution in the summation over / in (17.861 ) is zero if 
I > 3m/No + 100. (17.861 ) also vanishes if / < -m/No - 100, because in this case |^ - 2r]\ < |?7|/10, which 
implies that C ~ V ^ have the same sign, and therefore qi^,!]) = 0, see (17.821 ). The summation over I 
can then be disregarded and it is enough to show 

PkTi{PkJ<Rit),PkJ<R{t)) < e22-5W42-(A^o/2+i)fc+ 
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for any I, k, /ci, A;2 G [-m/iVo - 100, 3?n/iVo + 100] n Z and t e [2™ - 2, 2™+^]. For any integer j we have 

|a^5,cI>+(e,r?)|>2-^™/io 

and 

Integrating by parts L times in rj in the integral in (17.861 ) we see that 

< .2r,-3m/2r,-(iVo/2+l)fc+ 

where the second inequality holds provided L is large enough. 

In the case of the operator r_ it is enough to observe that drj^- vanishes (Unearly) only when ^ = 0, 
and, also in this case, we have 

under the frequency constraints (17.831 1. One can then use the same integration by parts argument as above 
(without the need to resort to a further splitting) and obtain 

\\PkT^{PkJ<R{t),PkJ<Rm\L^ < e22-3W22-(A^o/2+l)fc+ _ 

This concludes the proof of (17.851 ) and therefore of Lemma l7!2l □ 

7.5. The cubic equations. In ||Wu09l cubic equations are derived for the "good quantities" x, A and v given 
by (I7.6I )- (I7.8I ). We will not discuss the derivation of these equations here, but refer the reader to section 2 in 
||Wu09ll for the details. In the cited work it is shown that for F = x, ^ or v 

(dt + bdafF + iAde^F = Gil) (7.87) 

where the right-hand side G{L) can be thought of as a cubic expression in the variables 

L = {u,w,lmCXa-l), (7.88) 

which involves singular integrals related to the Cauchy integral and to Calderon commutators. The functions 
b and A are defined by 

b{t,a) = kt{t,k-'^{t,a)) (7.89) 

A{t,a) = {ai{t,-)k^{t,-)) o k-'^{t,a) (7.90) 

where a(t, a) is the Raileigh-Taylor coefficient appearing in (|1.61 l. As shown in ||Wu09l Proposition 2.1], 
both b and A — 1 ai^e real valued and quadratically small if L is small. See also Lemma lAT4l More precisely 
the cubic equations are 

\2 



(dt + bdaYx + iAdaX = G^{u,lmC) (7.91) 
(dt + bdo^fv + iAd^v = G"(n, w, Ca - 1, ImC, Xa) (7.92) 
(dt + bdafX + iAdaX = G^{u, w, Ca - 1) (7.93) 



where 



K(a)-C(/3)| 



2 f fu(a)-u(f3)Y , ,^ 



(7.94) 
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. .T A N 4 /■ (u;(a) - w;(/3))(ImC(a) -ImC(/3)) ,^ 

IC(a)-C(/3)l 



vr 



4 /■("(«) -"OT)(l°-CW -lmC(ffl) 



vr 



2 /■ /n(a)-n(/3)V ,^ 2 f |n(a) - ,^ 

iTry (C(a) - C(/3))' ^ 

^ /■/ n(a)-n(/3) y 



(7.95) 



+ -7 U(a)-C(/3)j 



my Vc(a)-c(/3)y 



d/3 + i — o k AdaX > 



- ' |C(a)-C(/3)|^ 



vr 



+ [u,^] +^z[n,7^]^ - 2[n,?^]^ (7.96) 



5a 

2 



«... 

A fourth additional equation is also derived in ||Wu091 for the quantity 

vi ■= {I - 'Hq)v (7.97) 

and has the same form as above 

{dt + bdafvi + iAdaVi = G^'^ (u, w, Ca " l,ImC, V, x) (7.98) 

with 



(u, w, Ca - 1, ImC, V, x) ■■= (I - n)Vv - 2[n, n\^Vx - 2[n, U]^ (w^x 



(7.99) 



d/3. 



In order to simplify our presentation and the estimates performed on the above equations, we define the 
following types of trilinear operators: 



(/, 9, h) := j '7 "t^ "^'^" ''(/i) dli a 100a) 

■J (C(a)-C(/3)) 
THf,g,h) := / (7.100e) 



and denote by C any scalar multiple of them: 

C{f,g,h) = CiT,{f,g,h) (7.101) 

for some constant q G C, i = 1, 2, 3. We can then write the nonlinearity (17.941 ) appearing in the equation 
dUB as: 

G^{u,w,Ca - l,ImC) = C(n,ImC,Ua) + C(u,u,ImCa). (7.102) 
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Similarly we have 

G^{u,w,Ca — IjImC) = C{w,lm(,Ua) + C{u,lm(,Wa) + C{u,u,Ua) + C{u,w,lm(a) 

a 



and 



G^{u,wXa - l,ImC) = C(u,ImC,Ca^^) + C{u,u,uC,a) 



(7.104) 



and 



G^'i (u,^«,Ca - l,ImC,7;,x) := U - 'H)Vv - 2[u,'H]^Vx - 2[u,n]^ (w^x 

da 



(7.105) 



By writing the nonlinearities (I7.94l ). (l7.95l l. (l7.96l l and (17.991 ) in temis of operators of the type (I7.100l l above, 
we will be able to efficiently estimate them by making use of a general Proposition giving L^-type bounds of 
such operators. These estimates are given in Proposition IA.9I and are obtained by improving two statements 
contained in ||Wu09ll (which in turn rely in part on the work of Coifman, Mcintosh and Meyer MCMMj ). All 
the terms that cannot be written as a trilinear operators of the form (17.1001 ). acting on the components of L, 
need to be treated in separately. To bound these remaining nonlinear terms, namely 



a \ CaJ Ca 

[in + n)u,n]l^^yx , K^l^^^x 

we will make use of some additional special structure present in them. 

7.6. The Energy. The total energy for the system is given by the sum of three energies naturally associated 
to the equations (1^911 ). dT93] ) and dT98] ). Let us define 

Sk:=D''S. (7.106) 

The first term in the energy is given by 

No 



^''(*) = E X ^ I + bda)D'^xf + ida {d'x) ' {d'x) ' da 

No/2 

+ E / -T\idt + bdo.)Skx\^ + idaiSkxfiSkxf da, 



k=l 

ch 



where / denotes the anti-holomoiphic part of a function /: 



f--=^-l^f- (7.107) 
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By considering only the anti-holomorphic parts of D^x ^rid ^kX in (ED. one obtains that all summands in 
are non-negative, see Lemma (IB.4I ). Similarly one constructs the energy associated to (|7.93l i: 



iVo-2 



+ idaiD''X]^iD''X] da 



No/2 

+ E / -r\idt + bda)Skx\^ + idUSkXf{SkXy'da 



The energy controlling v instead is given in terms of vi, and based on the equation (17.981 ): 



No p 



k=0 
No/2 



+ idaD^viD^vi da . 



(E-) 



f 1 

+ --r\{dt + bda)SkVi\'^ + idaSkViSkVida. 

k=l ^ 



Here in the second summand there is no restriction to {D^vi)^'' or {Svi)^. Therefore the Energy E"" has 
no definite sign. Nevertheless, it can be shown that this Energy controls the norms of v and vi up to cubic 
lower order contributions. The total energy is then given by 



E{t) = E^{t) + E^{t) + E^{t) 



(7.108) 



8. Proof OF Proposition [231 Energy Estimates 

Once the Energy E{t) has been defined, we can proceed with the proof of Proposition 12.31 Recall that we 
denoted L = (n, w, ImC, Co — 1), and define the vectors 

L~ := {Qa-l,u,w,daX,v) , L:=(L",ImC). 

We separate the proof of l2.3l into three main steps. We first show how E{t) controls the XATg-norm of L{t): 

Proposition 8.1. Under the a priori assumptions (ILII) and (IL2I ). that is 

sup ((1 + t)-P'\\L{t)\\^ + \\L{t)\\^M,+, + \\L{t)\\^M,,o.Vl + t) < ei « 1 , (8.1) 

te[o,T] ^ " ^ 

we have 

\\L{t)\\x^^<^Mt). (8-2) 

for any t G [0, T] and £\ sufficiently small. 

This Proposition is proven in section IB. II To obtain Proposition 12.31 we will combine Proposition 18.11 
with: 

Proposition 8.2. Assume again that (18.11) holds for £i small enough. Then 

Jt^m ^ (II^WIIvK-i- + 11^^" Wlliy-„c.)' WmW^^^ , (8.3) 

for any t £ [0, T]. 

The above Proposition will be proven in section 1531 We eventually need to bound the L°°-norms on the 
right hand side of (18.31 ) in terms of the Z'-norm of h and (/>: 

Proposition 8.3. Under the a priori assumption (18.11 ) and (lEOI ) we have 

II^WIIh/^i.oo + \\nL-{t)\\^M„^ < \\{h,^)\\z, = \\{h,A^)\\wN,+,,^ . (8.4) 
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The proof of this Proposition is in IB .31 Let us now show how Propositions 18. Ill83] imply Proposition 12.31 

Proof of Proposition 12. 3\ Using the a priori decay estimate in (lEOI ) and Proposition 18. 3 1 we see that 

ll^Wlliy^i- + \\nL'(t)\\w^i>-' ^ + T^'^ ■ 

Using this in ( I8.3I ) gives us 

d 



Integrating in time one gets 



Jo 



\x 



No 



ds . 



In view of the initial assumptions (ll.llal l- dl.llbl ) and the discussion in ||Wu09[ sec 5.1], one has -E(O) < eg- 
Then, using Proposition 18.11 and (ILII ) we see that 

\\L{t)\\x^^<Ce, + C felil + sr'\\L{s)\\^^Js 



<Ceo + C f e\{l + s)"^ei(l + ds < Ceo + Cp^eHl + tf" . 
Jo 

This gives us the desired conlusion (12.1 lb . □ 



9. Proof of Proposition 12. 4t Transition to Eulerian coordinates 

Here we want to transfer the a priori bounds from the modified Lagrangian coordinates to Eulerian coor- 
dinates. Recall that 

L{t, a) = {Ca{t, a) — ^iu(t, a),w(t, a),lm({t, a)) . 
Also, recall the a priori assumptions (ILll i- (IL21 i and (lEOI i. that is 

sup ((l + t)-«'||L(t)||^ +\\L{t)\\HM,+s + VTTt\\L{t)\\^M,,o.) <eu (9.1) 

and 



sup 

[0,T] 



((1 + t)-P^\\{h{t),Mm\xr,o + + A<^(i))IUiVi+4,oo) < ei , (9.2) 



where 11/11 := ||/||/^iVo + ||'S'/|| ivn . To prove Proposition 12.41 we need to show, under the above a priori 
assumptions, that 

wmww^i-- ^\\iHt),d,ct>m\z' (9-3) 
\\m\\H^i+^^ ^ \\iHt),d,cf>m\H^i+^+^i (9-4) 
mt),d,m\\x^^<\\m\\x^^. (9.5) 

9.1. Proof of ( |9.3b . From Proposition [83] we have 

\\m\\w^i,^^\\iHt),dMm\^, 

which is stronger than (19.31 ). 
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9.2. Proof of (US. Using /i(ReC) = ImC it is clear that 

l|ImCllH'Vi+5 < ll^lli^ivi+s . 
Also, from ( |B.135I )-( |B.136I ) in Lemma |B31 and the a priori assumptions ( IB.3K we see that 

||(Ca(t) - l,u{t),wm\HN,+s < \\{daX{t),daXm\H^i+^ + II ^ W II II ^ W II 

W 2 



\\{dax{t),daXm\HN,+s + ei(l + trei(l + t)" 
<||(5,x(i),5,A(t))||^^,+5+e? 
Thus, to obtain (19.41 ) it is enough to show 

\\{dax{t),d^xm\H^i+^ ^ mt),d,(t>m\H^i+^+^l- (9-6) 

From the definition of x in (17.61) . and lm( = ho Re^, we see that 

X = {I -n){C-C) = - n)\mC = 2i{I -n){ho ReC) . 
Using the bounds on the Hilbert transform (lA.ll i with the a priori assumptions (I9.1l )- (l9.21 i. we get 

\\daX{t)\\H^^+s < ||/ioReC(t)||^^iv,+6+e? < ||/i(t)||^^iv,+6+e? 

which gives the bound ( 19.61 ) for the component Xa- 

From (IB. 1511 ) and (IB. 1471 ) in the proof of Lemma |B31 we see that 

||c?Q,A||j:^JVi + 5 < + /l')]||j|^iVi+5 + ||i?<^||j|^JVi+6 ^ 1 1 9x0| | //iVi +5 + 1 1 1 1 j:^JVi+6 + 1 1 i?0 1 1 j:^JVi+6 , 

where we recall 

«7r 7 V ^-y J {x-yy 

Applying A'^i +6 derivatives to the above expression, commuting them via (IA.49bl ). and using Theorem lA.51 
one can obtain 

l|-^0llHAfl+6 ^ 11^11/^^^1+7 ll'/'llvF'^l +4.°° + ll^llvy'Vl+4'°°ll<^2:llH'Vl+5 ^ ^1 • 

Here we have used the a priori assumptions (|9.21 i and the bound ( 14. 35b in Corollary 14.51 A similiar estimate 
can be easily obtained for ||0/i'||j|^jvi+6. It follows that 

which gives (19.61 ). completing the proof of ( 19.41 ). 



9.3. Proof of (19.51 ). To show (19. 5b we will exploit the identities 

/i(t,ReC(t,a)) = ImC(i,a) and {I -'Hc)4){t,'R&C,{t,a)) = \{t,a) 
to prove the following: 

Lemma 9.1. Let S be the scaling vector field. Then, for < k < Nq 

\\Ht)\\x^,, < P"<(Ollx^„ + WUt) - l|lx^„ (9-7) 

and 

Wd.mWx^^^ < l|A.(t)|lx,„ + WCait) - l||x,^ . (9.8) 

The estimates in the above Lemma, together with ( IB.33I ). imply ( |9.5b . To prove the estimates involving S 
we will need the two auxiliary Lemmas below: 

Lemma 9.2. Let S be the scaling vector field ada + ^tdt, then for any two functions f , g : M.^ x '^t ^ 
the following formula holds: 

Sfog = S{fog)- if o g){Sg - g) . (9.9) 
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The proof of the above statement is by direct computation. 
Lemma 9.3. Let C, be the Lagrangian map in the modified Lagrangian coordinates, then 

{I - n){ReC -a) = i{I- WjlmQ . (9. 10) 

Under the a priori assumptions ( I9.1| )-( |9^ . it follows that 



In particular 



- "11x^0 ~ ll^'^ll^ivo + lie- - l|lx,„ ■ (9-11) 

WSReC - ReCW^I^ < P<llx^„ + lICa - < ll^llx^„ • (9-12) 

Proof. The identity (19.101 ) follows form the fact that (/ — 'H(){C — a) = 0, which comes from the identity 
(/ — 'Hz){k — z) = upon composition with k^^. 

The estimate (19.111 ) follows from an application of Lemma IK2\ with / = Re^ — a and g = i{I — ^)Im<^, 
Sobolev's embedding, and from the boundedness properties of T-L in Lemma lATTl 

llReC - a|lx^„ < ll(^ - ^)ImCllx^„ + lie. - Wil - ^)ImC|lH-i 

^ l|ImCllx^„ + liCa - l\\x,^{\\lmC\\HN, + ||(/-?^)ImC||^^J < ||ImC|U^^ + \\Ca - • 
(I9l2l) immediately follows since SReC - ReC = 5(ReC - a) + (q - ReC). □ 

Proof of Lemma [9771 Recall that h{t, ReC(t, a)) = lm({t, a). Since ||Ca — l||j:/]Vi+5 < ei, in particular we 
see that for ei < 1/2, the map Re^ is a diffeomoiphism with 

1/2 < |9^ReC| < 3/2 
for 1 < A; < A^^i. It immediately follows that 

||/l||^iVo = ||ImCoRerl||^iVo < ||ImC(t)||j^iVo + ||ReCaa(t)||^^iVo-i < ||ImC||j:^iVo + \\Ca{t) - 1\\hNo . 

This takes care of the Sobolev component of the norm to bound in ( 19.71 ). To estimate the weighted component 
we apply Lemma [9^ to get 

Sh o ReC = SlmC - {h' o ReC)(5ReC - ReC) . (9.13) 

Using (19.121 ) we have 

WShW^N, < ll^ImCll^i^ + Wh'W^r^ ||5ReC - ReCll^i^ < IllmCllx^^ + lICa - • 
This gives us ( 19.71 ). 

Recall the relation between the trace of the velocity potential in Eulerian variables and in modified La- 
grangian variables A: 

(/ - n^)(l){t, ReC(t, a)) = X{t, a) . (9.14) 

Since 

[da,n]f = Ka,n]^ = -QoiCa - 1, fa) , 

Ca ^7^ 

where Qo is defined in (IA.28I) . it follows that 

(/ - n)da{(l) o ReC) = daX + Qo (Ca " 1, 5,(0 o ReC)) . (9.15) 

Denoting f = cpo ReC and g = daX + ^Qo {Ca — 1, 9a(0 ° ReC)) we have (/ — %)daf = g, so that (IA.7I ) 
gives 

ll^a/lli/^i ^ \\9\\h^i ~ \\9aX\\jjN, + ||Qo(Ca - l,5a/)lli/^l , (9-16) 
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while ( IA.9I ) gives 



WdafWx^^ < \\9\\x^,,+\\Ca-nxJ\9\\H-i < \\daX\\x^^ + WQoiCa - 1, d^X^^ 
+ IIC« - (ll^aAll^iV, + WQoiCa - l,daf)\\HN^) • 



(9.17) 



From (IB321 )- (IB33] ) we have 
From estimate (IA.411 i we get 

\mca - hd^rn^^^ < lie. - iii^^,,^ii9./iu^^ + iia/, w)ii^i^,,^iic. - iiix,„ 

+ WCa - l||^^+i,^l|9a/||^i^^,_^||Ca - l|lx^„ 



<eil|5«/llx.„ + lia/,W)ll i^,,^l|i|lx. 



Next we claim that 



\\{daf,ndM^^^^^^<ei. (9.18) 

Assuming this estimate for now, and using the fact that ||(5o(Ca — daDWjjN^ can be bounded unifomily 
in time in a straightforward fashion, we can use the last four bounds in ( 19.171 ) to deduce that 

\\d.f\\x^^<\\L\\x^^. (9.19) 

Them, since (px = {daf /^eCa) ° ReC^-"^, we have 

UxWh^o ^ WdafWnNo + l|ReC«a||//Afo-i ^ ll^llxjv,, • (9-20) 

This takes care of the Sobolev component of the X7V(,-norm. To bound the weighted component we use 
(j)x o ReC = SaZ/ReCa in combination with ( 19.91 ). estimate ( 19.121 ). and ( 19.191 ). to get 

\\SM^^ < ||(S0,)oReC|| < ||5(/jReQ|L ^ + ||.^.|L i^^,||SReC - ReC|L ^ < ||L||^ 

This shows ( 19.51 ) provided we verify (19.181 ). Observe that 

llc^afll 5J|c^x'^ll Nn < El , 

directly from the a priori assumptions. To bound Hdaf instead, we use Lemma lA. 101 the a priori assump- 
tions and ( 14.351 ) to obtain 

This shows ( 19.181 ) and conlcudes the proof of ( 19.51 ). hence of Proposition 12.41 □ 



Appendix A. Supporting material 

In this first appendix we gather some useful Lemmas that are used several times in sections V2\ and |9] and 
in the course of the energy estimates in section |B] below. First, in |A. ll we give some variants of estimates 
proven in IIWu09ll related to the Hilbert transform on curves. In the second section IA!21 we first recall some 
Theorems about multilinear- operators of "Calderon's commutators"-type, and then prove some additional 
bounds on them to be used for the energy estimates. 
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A. 1 . Estimates for the Cauchy integral. Most of the estimates we present below can be essentially found 
in Wu's paper ||Wu09l| . The only difference is that all of our estimates have implicit constants depending 
only on lower norms of the Lagrangian quantities controlled by the energy, whereas all constants in the in- 
equalities found in ||Wu09ll depend on the highest order norms. This is of course crucial, as in our arguments 
the highest order norms are growing, although just slightly, with time. Notice that this growth cannot be 
avoided because of the logarithmic correction to scattering. 

In what follows we will always be under the assumption that (IL1I) - (IL2I) hold, and all implicit constants 
will depend on ei. 

Lemma A.l. Let % = %(^, and assume \\Ca — l|li/JVi ^ \- Then, for any f in with < k < No, we 
have 



mfWx, + 



So 



< 



< 



x. + IICa-l|lx. 



k 



In particular, ifk<Ni one has 



m\\ 



Hk 



+ 



< 



Hk 



Hk 



+ IICo 



,ao 1 



(A.l) 
(A.2) 

(A.3) 

(A.4) 
(A.5) 



Furthermore, for any < k < Nq 

m+n)f\\^^< WCa -n^k^^njwx, 

and for < k < Ni 

m + n)f\\Hk<\\imCa\\ 

Proof. The case in (|A. 11 ) follows directly from Theorem IA.5I The H'', respectively Xf^, estimates can be 
proven by induction using the commutation identities ( |A.49b| ) to distribute derivatives, respectively (|A.49cl i 
to distribute the vector field S, and the bounds given in Theorem lA.5l for operators of the type Ci, as defined 
in dA^ . 

To prove (IA.4I ) one notices that 



{■H + n)f 



(A.6) 



\c{a)-m\' 

which is an operator of the fonii Ci{H,lm(, f ) for some smooth H. Applying the commutation identities 
(|A.49b| ) and ( |A.49c| ). followed by the L^-estimates of Theorem IA.5I it is not hard to verify the validity of 
(lA!4l ) and (IA3] ). □ 

The next two Lemmas are variants of Lemma 3.8 and 3.15 in ||Wu09| . They give estimates of real valued 
functions / in terms of the norms of (/ — T-L)/ or (/ — 'H){f AC,a). 

Lemma A.2. Let f G Xj., < k < Nq, be real-valued with 

{I-n)f = g. 

Then for < k < Ni one has 

< 



Hk 



Furthermore, for < k < Nq 

If/fc ^ llsllz/fc + WCa - l||_H-fc 
X, ^ llfllxfe + WCa - Mix, ( 



\\9\\h'' 



\qW k ^ + ||/wiCa|| k ^ 
I5II fe ^ + ll-^W^Call k ^ I 



\Q\\ k,. 



(A.7) 

(A.8) 
(A.9) 
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Moreover, for < k < ^ + 2, we have 

\\f\\w'''°^ ^ 9\\wi^'°° + P"<a|lM/'=.°°ll5ll//fc+i J (A.IO) 

and a similar estimate for d^f: 

< \\Redag\\ (A. 11) 

Proof. Since / is real-valued we have (/ — /C)/ = Reg, where /C = ReH. Then 

(/ - )C)dif = Redig - [}C, di] f = Redig - J] di~'' [/C, d^] d^'f ■ 

k=l 

Notice that 

[da,n]f = [Ca,n]^ = C2iH,Ca "1,/), (A.12) 

for some smooth H, and where C2 is defined in (IA.27I ). We can then use the fact that the inverse of / — /C 
is bounded on with an operator norm depending only on ei, (IA.12b . and Theorem lA.5[ to obtain 



<\\dig\\^,+ei\\f\\j,, + \\Ca-l\\HAuu^i, 

After summing over j, the second term in the right-hand side above can be absorbed to the left hand-side 
for ei small enough. We have therefore obtained that for any < k < Nq 



m<\\9\\H^ + \\Ca-l\\H4f\\^lo.- (A.13) 



If k < + 2 the last term above can be also absorbed to the left hand-side thus yielding (IA.7I) . 

In order to prove (|A.8l l let us focus on the term ||/||^fc ^. Using the identity / = /C/ + Re^i, Sobolev's 
embedding, the estimate (IA.5I ). and (IA.3I ). we get 

ll/ll^l,. < + llRe^ll^.,. < lllmall^.,,. 11/11^.,, + llRe^ll^.,^ 

Plugging this last inequality into (IA.13I ) gives (lA.Sb . Substituting k with 2k we obtain (lA.lOl ). (lA.llI) can be 
obtained similarly. 

From above we see that (IA.9I ) would follow if we show 

WSfWn^ < \\Sg\\Hk + \\S{Ca - 1)|Ih^-||/|Ivk^,oo , (A.14) 

for < A; < Starting from (/ — T-L)f = g one can commute derivatives using (lA. 12l i and commute S 
by using 

[s, n]f = [sc-C,n]^ = C2{H,sc-CJ). (a.i5) 

So 

Applying Theorem lA.SI one can then obtain 



IKSfW^, < \\diSg\\^, + lICo - iWnAlSfWw + \\S{Ca - 1)\\h. 
<\\Sg\\H.+e^\\Sf\\H, + \\S{Ce.-l)\\ 



Summing over j and absorbing the second summand above in the left-hand side, we obtain (IA.14I ) and hence 
(lAiQl) . □ 
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Lemma A. 3. Let f G X^, < k < Nq, let A be as in (IA.24b . and w as defined in (I7.5I ). Assume that 

{I-n){fAQ=g, 

then, for any < /c < Nq 

ll/llx, < ll^llx, + (ll^llx, + IIC« - lllx,) (ll^ll^l,. + \\M\\^.^,J\ImU\^.^J) , (A.16) 
and for 0<k<^ + 2 

\\J \\w'''°° < \\Reg\\ (A. 17) 

Proof. From the identity (IB .1441 ) we see that A(a = 1 — iw, and therefore 

{i-n)f = g + {i-n){ifw). 

Applying (IA.9b to the above identity, using (IA.2b and the a priori bounds on w, it is then not hard to derive 
(IA.16I ). The estimate ( IA.17I ) follows similarly from (lA.lOl i. together with (IA.7I ) and (|A.3l l. □ 

The next Lemma shows that b and A—1 defined in (17.891 ) and ( 17.901 ) are quadratically small if L is small. 

Lemma A. 4. Let b and A be given by (17.891 ) and (17.901 ). Under the usual a priori assumptions we have 

{I -n){A-l) = Q (A.18) 
{I-n)b = Q (A. 19) 

where Q is a quadratic term satisfying 

\\Qmx^< ^iwrnix^, and iig(t)iL <£?. (A.20) 

(J U /J 'A 



In particular 



and for < k < Nq 



WMt) - 111 + II^WII „i^+3 ^ ^1 ' (A.21) 



PW-l|lx, ^^illMi)llx,> (A-22) 
IIKOIIx, <^ill^(Ollx,- (A.23) 
Proof. The identities in (2.30) of IIWu09l (see Proposition 2.4 in IIWu09l for their derivation) read 

77 7 —1 

(/ - n)iA - 1) = i[u,n]^ + — (A.24) 

(1-^)6 = -[u,^]^^^. (A.25) 

The above right-hand sides are all of the form Qq{L,L) or QQ{L,daL), where Qq is defined in ( IA.28I ). 
(|A. 181 ) and ( IA.19I ) then follow from the bounds for operators of the type Qq given in (IA.40I ). Sobolev's 
embedding, the estimate (IA.3I ) for T-L, and the apriori smallness assumptions on L. The bounds ( IA.22I ) and 
(|Al23] ) follow by combining (lATTSt - dAlIOl ) with dAigj ) □ 
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C,{H,A,f) :=p.v. / F( -^-^ ) ''^=')^''-'\^::''''' mdy (A.26) 



A.2. Estimates for Multilinear Operators. In this section we study some singular integrals that appear 
when performing the energy estimates. These integral operators are well known objects, which are usually 
refened to as Calderon's commutators. We first state some L^-bounds like the ones already given in ||Wu091 . 
Let H e , Ai e for i = 1, ... , m, and F £ C°°. Using the same notation in ||Wu09l we define 

C.iH,AJ) -.^....jF^mAiyl^ nik(^4^ 
We also define the quadratic bilinear operators 

Qoif, g) := I ||^p|||yff(/3) , (A.28) 

J (C(a)-C(/3)) 



Q^u, g) ■■= I : :.:. 2 g(/3) ^i^ . (a.30) 



/(«) - 
ic(a)-c(/3)r 

We denote by Q indistictly any scalar multiple of the operators Qi or Q2: 

Q{f,g):=CiQi{f,g) (A.31) 

for Cj G C, i = 1,2. Qo causes some difficulties because it does not admit standard x — )• 
estimates. Moreover, it does not admit L°° type estimates like those in Lemma IATT] below for Qi and Q2', 
in order to bound it we need to resort to a stronger space than L°°. 
We recall the following: 

Theorem A.5 (Coifman-Mclntosh-Meyer liCMMI . Wu IIWu09i ). There exist a constant c = c{F, 
such that the operators Cj,forj = 1,2, satisfy the bounds 



\\Cj{H,A, f)\\^, < cHWdAiW^^WfWj^, (A.32) 

i=l 

m 

||C7,-(i7,yl,/)||^, <c||9^i||^2nil^^*llL-ll/llL-- (A-33) 

1=2 

From the above Theorem we can infer the following bounds on the operators of the type C defined in 
(TrTOTT) and Q in (lAjTl) : 

Corollary A.6. There exists a constant c = c{\\daC\\L°°) ^'^ch that 

||Q(/,5)IIl2 < cWdafh^Wgh^ 
||Q(/,5)IIl2 < cWdafh^gh-- 

and 

l|C(/, 9,^)11^2 < c\\daf\\L^\\dag\\Loo\\h\\^2 
l|C(/, 9,^)11^2 < c\\daf\\L2\\dag\\Lo.\\h\\^^ . 

In lA.2.2l we will prove the following simple Lemma: 

Lemma A. 7. There exists a constant c = c{\\daC\\ such that the operators Q satisfy the bound 

||Q(/,5)ILoo < c\\f\\^,M^^,^ . (A.34) 

We will also need to bound operators of the type Qo in However, they will only appear with a 
derivative in front, so that we can use the following Lemma: 



54 



ALEXANDRU D. lONESCU AND FABIO PUSATERI 



Lemma A. 8. There exists a constant c = c{\\daC\\ ^uch that 

\\dMf,9)\\L^ < c||/||vK2.oo maWL^ + IbllvKi,-) • (A-35) 
The above results, together with some commutation identities, will give us the following Proposition: 
Proposition A,9. Recall the definitions 

L := (Ca - 1, u, w,ImC, daX, v) £ (A.36) 

and 

L~ := {Ca-l,u,w,daX,v) (A.37) 
Let Q and C be given by (|A3T]) and (I7.100l ) (l7.101b . Then 

(1) There exists a constant c = c{\\C,a — IIIh'^i ) ^^^h that for any integer k < ^^ + 2 

In particular 



|Q(Lj, Lj] 



(A.38) 
(A.39) 



for any i,j G {1, . . . , 6} and < m < Nq. 
(2) There exists a constant c = c{\\Ca — MIh'^i ) ^'-'^ that for any integer < k < Nq 



w 



and 



+ \\f\\^^^,J\9\\^^^,J\Ca-l\\x, 



(A.40) 



w 



Furthermore, for k < + 2, 



\\daQo{f,g)\\ (11^511 



so that 

\\daQo{Li, L 



| + l,oo < c||L||,;,,[™]+3,oo ( 11^1^ ||^^[™] + 2,cx, + \\L ||^[m] + 2,^ 



(A.41) 

(A.42) 
(A.43) 



for any i G {1, . . . , 6}, j G {1, • • • , 5} and < m < Nq. 
(3) There exists a constant c as above such that for any triple (/, g, h) with || (/, g, h)\\jjNi -2 < 1, and 
any integer m, one has 



\C{f,g,h)\\^^ + \\C{f,g,d^h)\\^^ < c\\{f,g,h,C^ - l)|lx„ IK/, 5, /i)ll^i^+3. 



(A.44) 
In particular 

\\CiL,,Lj,Lk)\\x^ + \\C{Li,L„dM\\x,^ < cll^llx^ll^ll' (^.45) 

for any i,j,k G {1, . . . , 6} and < m < Nq. 

The proof of the above Proposition is given in lA.2.41 We will also need the following simple Lemma: 

Lemma A. 10. Let % = 1-Lq denote the Hilbert transform along a curve C, satisfying \\C,a — ^Wh^i — k' 
Then for any f with ||/||/^fe+2 < 1, and k < ^ + 3, we have 



n-dafit) 



< 



(A.46) 
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and for any 2 < p < oo 

ll^/(i)llvK^,oo + 



ll/WllvK^+i.. + ll/(t)ll 



(A.47) 



A. 2.1. Commutator identities. Let K be an integral operator of the form 

K/(a, t) = p.v. j K{a, /3; t)/(/3, t) d/3 (A.48) 

with kernel K{a, /3; t) or {a — l3)K{a, /3; t) continuous and bounded, and K smooth away from the diagonal 
a = /3. One can easily verify that 



[duK]fia,t) = / dtK{a,(3;t)fi/3,t)d(3 



[d^,K]f{a,t) = j {da + dp)K{a,(3;t)f{(3,t)dp, 
[S,K]f{a,t) = j (^ada + (3dp + ^td?j K{a, P;t)f{^,t) d^ + Kf{a,t) , 



(A.49a) 
(A.49b) 
(A.49c) 



for any sufficiently smooth and decaying /. 



A.2.2. Proof of Lemma \A77\ It is enough to just look at the case of Qi, as the treatment of Q2 is identical. 
Expanding out the denominator in ( IA.29I ) we can write 



1 



(c(a) - my 



F 



a — 13 



1 



where F{x) = Y.k>Q + l)x^- Then one can see that proving (IA.39I ) can be reduced to proving the 

following estimate for operators of the type Ci as in (IA.26I ): 



m 

L°° i=l 



iy2 



x-y J {x-y)- 

where the implicit constant depends on ||i7'||j^oo. To show this we split the integral into two pieces: 

'H{x)-H{y)\ A{x)-A{y) 



(A.50) 



F 
h{x) 
hix) 



x-y 



{x - yY 



-f{y)dy = h{x) + h{x) 



x-y\<l 



F 



x-y J {x-yf 
H{x)-H{y)\ A{x)-A{y) 



x-y 



f{y) dy . 



We write 



h{x) 



\x-y\<l 

+ F{H'{x)) 
+ F{H'{x)) 



, H(x) - H(y) , . 

F ( ^-J 1^ - F(H'(x)) 

x-y 



{x - y) 

A{x)-A{y) 



{x - yY 



f{y)dy 



A{x) - A{y) - A'{x){x - y) 
\x-y\<l (x - yf 

A'{x) 



f{y) dy 



\x-y\<i X-y 



if{y) - fix)) dy =: + h,2{x) + Ii,3{x) 
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It is then easy to see that we can then estimate 

1^1,1(3^)1 < ||-F'||icx,||-H'"||i«.||^'||i^|U IIL°° 

l^i,2(x)| <||F||^^P"||^^||/||^^ 
\h,3{^)\<\\F'\\L^\\H"h^\\A'\\^^\\f'\\^^ 

so that II /i 1 1 ^00 ^ c (||-F||p^i,oo, ii^"iIl-)p'ii 

ll^llvFi'°°- Since |x — y| ^ is integrable for |x — ?/| > 1 

one has 

ll^2|Loo<c(||F||^^)P||^^||/||^». 

The bound (IA301) follows. □ 



A.2.3. Proof of Lemma \AM We start by calculating 



Since the integral operators in Q\ is of the type Q, we can use Lemma IATT] to bound 

IIQ^II IICII L°° 00 11511^/1'°° ■ 
The second contribution to daQo{f,g) is 

Ql = daf (^^5) = d^fng + dafn - 1) s 



Thus, using also (lA.ll) . we see that 

\\Ql\\L^<\\daf\\L^\\ngh^ + \\d^fho 



i/1 

^ l|5a/llL-ll^5llL- + Wdafho^ciWCa - 1 1| //3 ) Iblliyi.oo 

We conclude that Qq satisfies the desired bound and so does daQoif, d)- '-' 
A.2.4. Proof of Proposition \A. 91 

Proof of (IA.38I ). We want to show that for any two functions / and g 

IIQ(/)9)IIVF'=.°° ^ C||/||^fc+2,oo||ff|| (A.51) 

This can be shown by induction, using (IA.34I ) as the base of the induction. Again, it is enough to just look 
at the case of Qi. Let us assume that ( IA.51I ) holds true for some 1 < k < ^ + 1. We want to show the 
estimate for k + 1. Notice that we can write Q as an operator of the form K, see (IA.48I ). with Kernel 

(C(") - C(/3))' 

Using the commutation identity ( |A.49b| ) we see that 

daQ{f,g) = Q{f,dag) + Q{daf,g)+I{a) 

where 

{f{a)- f{mdaaa) -d^cm 

(C(a) - C(/3)) 



^(«) = - / TTT-, 777;TT3 gW d/3 . 



Using the inductive hypothesis we have 

\\Qidaf,g)\\ + IIQ(/,5a<7)|| lYk+2,oo\\g\\\Yk+2,oo + C||/||jyfe+2,t» 
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By expanding the denominator in the integral defining I, we see that / is an operator of the form Ci {H, A, g), 
see (IA.26I ). with A = (/, C,a — 1) and H = Q-id. Letting k + I = ki + k2 + k^, and using ( |A.49b| ). we see 
that D^^^I is a sum of operators of the form 



where A^^^k.^ = (^^3, D''^ f), and Ai^.^ is a vector with at most k^ components satisfying 



I A' 



a\\LP 



for p = 2, 00. Applying Theorem |A. 5 1 we see that: 

where the constant c depends only on ||Ca lli^^vi ■ We can then deduce 

IIQ(/,5)II < IIQ(c?a/,9)lliyfc+i.oo + \\Q{f,dag)\\ ^rk + l,oa + 11-^11 + 00 ^ c||/||^fc + 3,oo llffll + 

which is exactly ( IA.51I ) with k + 1 replacing k. 

Proof of (IA.40b . Let us first look at the H'^ component of the Xk nomi. Since 



Qo{f,9)=n^{fg)-fn^g 



(A.52) 



we can use product Sobolev estimates and the H'^ bounds on the Hilbert transform (lA.ll i to obtain 

\\Qoif,9)\\Hk < WfgWnk + WCa - iWnkWfgW^k^.,^ + \\f\\H4mL^ + WfWL^mgWm 
< \\f\\H4{'Hg,g)hoo + Wfh^Mnk + \\Ca - IWh^ 



where the implicit constants depend only on ||Ca — • 



A similar- argument can be used to bound the S H norm of Qoif, g) for < A: < ^. First we obsei-ve 



that for any < < ^ one has 



\SQoU:g)\\m < 



< 



snUfg) 
nUfg) 

SOL 













+ 


sfn^g 


+ 


fsn^g 






ffk 











+ 11 




n^g 

Sa 


Xh 





+ 



Wk 



Wk 



n^g 



(A.53) 



Xk 



We can then use (IA.2I) to obtain 



1 



n-{fg) 



n^g 



Xk. 



X. 



<c\\fg\\j,^ + \\Ca-l\\xJ\fg\\^^+^ 



<c||5llx, + IICa-l|lxJlffll^§+i,o 



Since we also have 



wk,°° \\g\\xi, 

we can plug the above bounds in ( IA.53I ) and get the desired conclusion. 
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Proof of (IA.41I ). Let us start again with the component of the norm. First of all observe that 
Qo{f, dag) is an operator of the form C2(C — ct, f,g), see (IA.27I) . Distributing derivatives on Qo{f, dag) 
by using ( |A.49bb . we see that for any integer k = ki + k2 + k^, we have that D''Qo{f, dag) is a sum of 
operators of the form 

where ^fcj.fca — i^k^, D^'^f), and Ak^ is a vector with at most k^ components satisfying 

II A' II < II r)*=3+i^ II 

for p = 2,00. One can then apply Theorem |A.5| to deduce that the iJ'^-norm of Qo{f, dag) is bounded by 
the right-hand side of ( IA.41I ) for any < k < Nq. 

The estimate for \\SQQ{f, dag)\\Hk for < A: < follows similarly by using the commutation identity 
(|A.49c| ). Indeed, applying 5 to Qo{f,dag) ~ C'2(C — oi,f,g), and commuting S and da when S falls 
on dag, one obtains operators of the form C2(C — a, 5*/, g), C2(C — a, (/, S(a),g), C'2(C — /> •S'c?) or 
C2(C — /, (?) itself. Applying and distributing k derivatives as above, one can then estimate the resulting 
expressions in via Theorem IA.5I eventually obtaining the desired bound. 

Proof of (IA.42I ). This estimate follows from the same proof of Lemma IA.8I which is the case / = 0, after 
applying and commuting k derivatives similarly to what has been already done before. Since the proof is 
straightforward, we skip it. 

Proof of (IA.44I ). Let us start by showing the H"^ estimate 

\\C{f,g,h)\\^„. + \\C{f,g,dah)\\H^ < c\\{f,g,h,Ca - l)\\H-\\if, 9,hXa - 1)11^^+3.^ > (A-54) 

for all integers < m < Nq. Again we will us induction and commutation identities. The base for the 
induction is given by the estimates 

\\C{f,g,h)\\^,<c\\{f,g,h)\\^,\\{f,g,h)f^^^^^^, (A.55) 
\\C{f,g,dah)\\L,<c\\{f,g,h)\\^4{f,g,h)f^^^^^^. (A.56) 

To verify these we cannot use directly Theorem IA.5I We instead write 

C{f,g,h) = fQ{g,h)-Q{gJh) 
C(/, g, dah) = fQ{g, dah) - Q{g, fdah) . 

From Theorem lA. 61 we have 

||Q(a,^')|lL2 < c\\daa\\j^^\\b\\j^2 . 

Thus, using ( IA.39I ). we obtain 

\\C{f,g,h)\\L,<\\fQ{g,h)\\^, + \\Q{g,fh)\\L, 

< II/IIl2|IQ(5»IIlco + \\dag\\Lo.\\fh\\^, < \\{f,g,h)\\^,\\{f,g,h)f^,,^ . 

Similarly we have 

\\Cif,g,dah)\\L, < \\fQig,dah)\\^, + \\Qig,fdah)\\^, 

< \\fh2\\Q{g,dah)\\L^ + Wdagh^WfdahW^, < • 

Now let us assume that (IA.54I) holds true for some integer < Z < m — 1. Using the commutation 
identity ( |A.49b| ) we see that 

daC{f, g, h) = C{daf, g, h) + C(/, dag, h) + C(/, g, dah) + Ji{a) 
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where 

J (C(a) - C(/?))' 

Since 

C(9„/, g, h) = dafQig, h) - Q{g, dafh) 

we have 

\\Cid^f,g,h)\\^, < \\daf\\H'\\Q{g,h)\\L^ + \\dafhoo\\Q{g,h)\\^, + \\Qig,dafh)\\^,. (A.57) 

From Theorem lA. 61 and commutation identities, it is not hard to see that 

\\Q{a,b)\\jji < cM^^^^ JlbW^i + c\\daa\\Hi\\b\\^^+^^^ + \\a\\^^+^^J\b\\^^^^ J\Ca - 1\\h' ■ 

(A.58) 

We can then use the above estimate and ( IA.39I ) to bound the right-hand side of (IA.57I ) and obtain 

\\C{d^f,9,h)\\H'<\\d^f\\Hm,9,h)\\l,.,^ + \\d^f\\L^^^^^ 

+ \\{daf,9,h)f^^^^ J\Ca - M\h' + \\9\\^^+2,J\dafh\\Hi + \\da9\\Hi\\dafh\\^^ 

<||(/,5,/i,Ca-l)ll^^m||(/,<7,/i)f^^+3,oo- 
An identical bound clearly holds for C(/, da9, h). Since I < Nqwc have then obtained 

\\d^C{f,g,h) - C{f,g,d^h) - Jill^, < c\\{f,g,h,Ca - l)||^m ||(/, 5, /i)f n,^. 
To estimate 

(/(a) -/(/3))(g(«)- ff(/3)) 
(C(a) - mf 

we need to get rid of the extra derivative falling on h. Integrating by parts in /? we have 

C(/, g, dah) = Q{g, hdaf) + Q(/, hdag) + J2(a) . 

where 

Ma) = -2 [ m^imm^cdmrni} 

J {C(a) - ^ 



+ 2,ao 



C{f,g,d^h)= I ' JrJ'Z)' '"^'' dph{P)dfi 



Using (IA.58I ) we can bound 



n{g,hdaf)\\H^ + ||Q(/,/i9„5)|lH< < c||(/,5,/i,Ca - l)\\H^+A\{f,gM? No 



as desired. To bound J2, which is an operator of the fomi Ci(C — id, {f,g), Cah), we can again commute 
derivatives via ( |A.49b| ) and apply Theorem |A. 5 I to obtain: 



{■hWu^ < c\\{f,g,h,Ca - jvq 



2 

+3,00 



We have then shown 



\\daC{f,g,h) - JiWfji < c\\{f,g,h,Ca - IK/' 5, /i)II^J^+3_^ • 

To eventually estimate Ji we notice that 

Ji(a) = -CaC{f, g, h) + C(/, g, (ah) , 

so that 

llJill^^. < c\\C{f,g,h)\\Hi + \\C{f,g,Cah)\\Hi ■ 
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Using the inductive hypotlieses we see that 

W'JiWh' < c\\{f,g,h,Ca - l)ll//i|l(/.5',/i)llJ^i^+3_^ + c\\{f,g,Cah,Ca - l)llHi|l(/>5',Ca/i)ll^i^+3_^ 

< c|| (/, g, /I, Ca - 1) II hHI (/, 5, /i) i^^3,^ 

where the constant c depends only on lower Sobolev norms of (/, g, h, — 1), which are unifromly bounded 
by assumption. It follows that 

\\d^Cif,g,h)\\j,, < c\\{f,g,hXa - l)llH'+i|ia5,/i)llJ^i^^3,^ ■ 

which gives the bound on the first term on the left-hand side of (IA.54I) . 
To complete the proof of (IA.54I ) we need to show 

\\Cif,g,d^h)\\^,,, < c\\if,g,hXa - l)\\HM,9,h)f^M^,^^ . 

Again we proceed by induction, the base being given by (IA.56I ) which has already been verified. The 
argument is similar to those above. Applying a derivative to C(/, g, dah) we get 

d^C{f,g,do,h) = C{daf,g,dc.h) + C{f,dag,dah) + C{f,g,dlh) + J3(a) 

where 

(/(a) - /(/3))( g(a)-g(/?))(9. C(«) - dfsCm 

(c(«) - am' 

Since 

C{daf,g,dah) = dafQ{g,dah) - Q{g,dafdah) 

this term can be directly estimated using (IA.38I ) and (IA.58I ). One can bound similarly C(/, dag, dah). 

To control C(/, g, d'^h) we need to resort again to an integration by parts to remove the presence of the 
extra derivative. More precisely we have 

C{f,g,dlh) = Q{g,dahdaf) + Q{f,dahdag) + J4(a) . 

where 

(/(a) -/(/3))(ff(a)- ff(/3)) 
(C(a)-C(/3))= 

The terms Q{g, dahdaf) and Q(/, dahdag) can be estimated via (IA.58I) : 



Jz[a) = -2 / 777-^ ^,^ 3 diih[p)dj3 , 



\\Q{9,dahdaf)\\H' + \\Q{f,dahdag)\\H' < c\\{f,g,h,Ca " 1) ||^m || (/, <7, /i) f N.^^. 

Similarly to what has been done before, we can expand the factor (C(a) — CW))~'^^ ^rid write J4 as an 
operator of the type Ci as in (IA.26I) . By using the commutation identity ( |A.49b| ) we can then bound it by 

WMIh^ < c\\da{f,g,h,Ca - '^)\\Hi\\daif,9,h)f 1^2^ < c\\{f,g,hXa - l)\\Hl+i\\{f,g,h)f No... 

This shows that 

\\daC{f,g,dah) - JsW^i < c\\{f,g,hXa - 1)IIh'+i II (/, 5, ^0 ,3,^ ■ 

To eventually bound J3 in notice that it can be written as follows: 

Js = -2daCC{f,g,dah)-Ji. 

Using the inductive hypothesis for the first summand above, and the bound we have already obtained for J4, 
one can easily see how the desired bound for J3 follows. This eventually yields 

\\daC{f,g,dah)\\fji < c\\{f,g,h,Ca - l)ll//i+i II (/, 5, ^)ll J^i^+3,^ > 



thereby completing the proof of (|A.541 i. 
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We now prove the estimate in the space S H with k := [^], < m < Nq: 

\\SC{f,g,h)\\j,, + \\SC{f,g,d^h)\\Hk < c||5L||^, ^^^^ . (A.59) 



For simplicity we just show the proof of the bound for the second term in the above right-hand side. The 
first teiTii can be bounded similarly, and it is actually easier to estimate, since there is one less derivative 
on h to worry about. Let us start by computing SC{f,g, dah) in L^. By using the commutation identity 
(|A.49c| ). and [S, da] = —da, we see that 

5C(/, g, dah) = C(5/, g, dah) + C(/, Sg, dah) + C(/, g, daSh) + i^i(a) 

where 

J (aa)-mf 

Notice that we can write 

C(5/, 5, dah) = SfQig, dah) - Qig, Sfdah) . 
Then, using the W'''°° estimate (IA.39I ) and the H'^ estimate (IA.58I ) for Q, we see that for any I < k: 

\\CiSf,g,dah)\\^, < \\Sf\\Hmi9,dah)\\w^,^ + \\Q{g,Sfdah)\\^, 

<c\\Sf\\^,\\{g,dah)\\ \\Sfdah\\H,<\\SfM{g,h)\\ 

An analogous bound holds for C(/, Sg, dah). 

To control C(/, g, daSh) we need to integrate by parts in order to remove the derivative from Sh. This 
integration by parts gives: 

C{f,g,daSh) = Q{g,dafSh) + Q{f,dagSh) + K^ia) 

where 

(/(a) -/(/3))(g(a)- ff(/3)) 

(c(a) - cmr 

The Q terms can be treated as before, and therefore satisfy the desired bound. Thus, so far we have obtained 



\\SC{f,g,dah) - Ki - K2\\hi < c\\S{f,g,h)\\Hi\\{f,g,h)f^:+2,o. 

for any / < k. 

To conclude we notice that Ki, respectively K2, are operators of the form Ci{H, A, f) as in (IA.26I ). for 
some smooth F, H = — id, and {A, f) = (/, g, SC, dah), respectively {A, f) = (/, g, Cah). Commuting 
derivatives, using Theorem IA.5 l and the assumptions, we can deduce that 

\\daSC\\H'\\9ah\\ 
<c\\if,g,h)\\l,,+,,^\\{daf,S{Ca-m\H' 

where c depends only on the ff'+^-norm of (/, g, h, (a — 1)> which is uniformly bounded by assumptions. 
Here we have used daSC = S{Ca — 1) + daC for the second inequality. We can then conclude that 

\\SC{f,g,dah)\\Hi < c\\S{f,g,h,Ca - mH'\\if^9,h)fwi+3,^ (A.60) 
for any / < k. This shows the validity of (IA.59I ) and finishes the proof of (IA.44I I. □ 
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A.2.5. Proof of Lemma HTTOl We want to show that for any / with ||/|| j|/fc+2 < 1, < A: < ^ + 1, we have 

(A.61) 

From the definition of T-L we can write Hdaf = h + h with 



/2 is a quadratic term and can be directly estimated using Sobolev's embedding and the boundedness of ?^ 
on Sobolev spaces (lA.ll) : 

ll^2|lH^fc,oc < ||/2||//fe+i < ||5a/(Ca " 1)11^^+1 + lICa " 1 II H^+l II 9a/(Ca " l)||^fc+i,oo 
^ lICa — 1 II ji/fe+l 11/11 vi/fe+2,<xj < ||/||iyfe+2,oo 

having used ||/||j:^fe+2 < 1 and the assumption on the Sobolev norm of C« — 1- 

To estimate l\ we expand the expression (C(a) — C(/3))~^ in a geometric sum as follows: 



—y 



C(a)-a-(C(/3)-/3)^' 



1 ^ H{a) - H{(3) ^ [ H{a) - H{P) 



a — (5 a — P \ a — 13 

where H := Q — lA and F is a smooth function. We can then write 

=/o(a)+C2(F,F,/)(a) 

where C2 is as in (IA.27I ). and 

^o(«) = /" d/3 = {HM){a) , (A.62) 

is a constant multiple of the (flat) Hilbert transform. To estimate the contribution from C2{F, H, daf) we 
can use Sobolev's embedding, the commutation identity ( |A.49b| ). and the bounds provided by Theorem lA. 5 1 
to obtain: 

l|C2(F,F,a„/)|| 

i/fe+i ^ ll/ll/ffe+i ll-f^cilliyfe+i.^a ^ ll/llvi/*+i'°° • 

In the last inequality above we have used again the assumptions ||/||^fc+i < 1 and ||Cq — lllz/fc+i — ^- 
far we have shown 

11-^5^/ - Hodaf\\wk.s>o < ||/||vi,fe+2,oc . 

Applying the Littlewood-Paley decomposition to /, and using the boundedness of HqPi on L°°, we see that 

ll^oa«/|| \Yk,cc ^ ||/||iyfe + 2,oo • 

/ / 

This concludes the proof of (IA.61I ). The bound for the second summand in the left-hand side of (IA.46I ) can 
be obtain simlarly. 

To prove (IA.471 i one can use an argument similar to the one just showed, replacing daf with /. The same 
estimates as above will show: 

11^/ — -f^o/lliyfe.cx) < ||/|Ih/'^+i.°° ■ 
To conclude it is then enough to observe that for any 2 < p < 00 

ll-f^o/|lvK'=.<^ ~ ll-f^o/llvK^^+i.p ~ ll/llvKfe+i'P • 
The second summand in the left-hand side of (IA.47I ) can be estimated analogously. □ 
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Appendix B. Energy Estimates 



The main ideas in the proof of Proposition 12.31 are essentially the same as those used in Wu's paper 
||Wu09ll . In fact, we use a similar procedure and borrow several identities and estimates from the above 
mentioned paper. However, a substantial number of the arguments there needs to be adjusted in order to 
make the energy estimates valid for all times, and compatibile with the growth of the highest Sobolev and 
weighted norms. To be more specific, we recall that if E denotes the energy (I7.108I ). in ||Wu09[ Proposition 
4.4] it is proven that 

±Eit)<ciM)E{t){\\do.X\\^^^^^^ + \\d^x\\^I^^^^^ (B.l) 

where c is a polynomial with positive coefficients, and M ^ 1 is an a-priori bound on the highest Sobolev 
norms and weighted norm of the quantities controlled by the energy. In order to obtain the conclusion (12.1 11 1 
in Proposition 12.31 we need to take care of two main issues. The first one is the sole dependence on lower 
order Sobolev norms@ of the solution of all constants involved in the energy estimates. For this purpose we 
use the estimates given in lA.ll The second, and most delicate issue concerns the logarithmic loss present 
in (IB. II) . To avoid this loss we allow a stronger L°° -based norm in the right-hand side of (IB. II ) - see (I8.3l l - 
and use the estimates in section IAT2] to bound most of the nonlinear terns in the equations. We pay special 
attention to a few other dangeorus nonlinear terms that can potentially create logarithmic losses, and show 
how these latter can be avoided. Eventually, we control the stronger L°° norm in terms of the decaying norm 
of the Eulerian unknowns. 

B.l. Proof of Proposition l8.lt Energy bounds. Recall that L = {u, w, (a — l, ImC) and we aim to show 



under the a priori assumption 



sup + +\\m\\HN,+s+VT+t\\Lit)\\y^N„^) <ei^l. (B.3) 

te[o,T] ^ ° ^ 

The estimate (IB. 21 ) will be achieved through a sequence of Lemmas which we state below and prove in the 

remaining of this section. We start by using some formulae derived in ||Wu09ll to bound ||L(t)|| -^^ by the 
^TVo-noms of {dt + bda)x and {dt + bda)v: 

Lemma B.l. Under the assumption (IB. 3b it is possible to write 

2u = {dt + bda)x + Q (B.4) 

2w = {dt + bda)v + Q (B.5) 

2(Ca - 1) = -i{Ot + bda)v + Q (B.6) 

{I -n)ImC = -{dt + bda)X + Q (B.7) 

where Q denotes a generic term which is at least quadratic in L and satisfies 

IIQWIIvF'Vi- <ei||^(i)llvK^i,- (B.9) 
for £i small enough. In particular we see that 

II^WIIx^, ~ m + bdMx^^ + Widt + bdMx^^ (B-10) 



6 2 

Notice that lower order Sobolev norms are the only L norms that we can guarantee to be bounded uniformly for all times, as 



a consequence of Propositions I2.4l andl2. 
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and 

||Z(t)||^iVi,oo ~ \\{dt + bda)x\\w^i,^ + IK^t + bda)v\\^^N-,,^ . (B.ll) 

The proof of this Lemma is given in section IB.l.ll We then establish the following commutators esti- 
mates: 

Lemma B.2. Assume again (IB.3I) holds for ei small enough. Then, for Q as in (IB.8I ) above, we have 

daX={I-'H){Ca-Ca) + Q (B.12) 

v = 2u + Q (B.13) 
daX = u + Q. (B.14) 
Moreover, denoting D for da, we have for all < k < Nq and f = x^v or X 

Udt + bda)D>'f - D\dt + hda)f\\L2 < > (B-15) 

and for all < k < ^ 

Widt + bda)D^Sf - D'Sidt + bda)f\\^2 < + m + bda)f\\H>= ■ (B-16) 

The above Lemma is proven in section IB. 1.21 Eventually we show how E{t) controls x and v: 
Lemma B.3. Under the assumption (IB.3b . we have 

\\{dt + bda)D''x\\l2<E{t), (B.17) 
\\{dt + bda)D''v\\%<E{t) + ei\\L{t)\\lN, (B.18) 

for allO<k< Nq. Also 

\\{dt + bda)D''X\\l2<E{t), (B.19) 
for allO<k<No-2. Moreover, forO<k< ^ 

\\{dt + bda)D''Sx\\l2<E{t), (B.20) 
\\{dt + bda)D'^Sv\\% < E{t) + ei||Z(t)||i^^ , (B.21) 
\\{dt + bda)D^SX\f^,<E{t). (B.22) 
This Lemma is proven in lB.1.3[ where we will actually prove the stronger bound 

\\{dt + bda)Tv\\l2 + \\{dt + bda)Tvi\\l, < E{t) + , (B.23) 

where T = D^,{)<k< Nq, or T = D^^S for < /c < ^. 



Proof of Proposition \8.1\ The bound (IB.2I ). and hence Proposition 18.11 follow from the above thi^ee Lemmas 
in a straightforward fashion: Owing to (|B.4| i- (|B.6l l and (IB .81 ) one has 

Then, using ( IB. 151 ) and ( IB.16I ) with f = x ^i^d v, we see that 

No 
k=0 



No/2 



+ \\{dt + bda)D''Sx\\L2 + \\{dt + bda)D''Sv\\L2+ei\\L\ 



k=0 



Xno ■ 
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Eventually using (IB.17I) - (IB.21I ) we obtain 
which gives the desired conclusion 



m\\x,^<vm+^i\\L 



□ 



B.1.1. Proof of lemmaWL Equations (2.35), (2.43), (3.38) and (2.51) in ||Wu09l respectively read 

1 Ca ~ Ca 



2u = {dt + bda)x + {n + n)u + [u,n\- 



(B.24) 



2w = {dt + hd^)v + [u,v]^ + [^^^] ^^" + {n + n)w 



Co 



+ [w,n] 



1 = 4 



Ca Ca 
Ca 

_ A-1 
~ A 



1 



yCp-Cp) 



iTTj yc{a)-c{b)j 



d/3 



1 C V 
{I - n)lmC = -idt + 69„)A --[u,n]^. 

^ So 

Proof of (IB.4I) . To show (IB.4I ) it is enough to prove that ("H + U)u and [u, ^]^^^ 
satisfying (IB. 81 ). Estimate (IA.4I) and the priori assumption (IB. 31 ) give 



(B.25) 
(B.26) 
(B.27) 

are quadratic terms 



\\{u + n)uu^^ < lie. - i||^^^Jhllx,„ + lICo 



II 



X 



No I 



^+1 



< 



^lll-^l 



X 



No 



Similarly, under the a priori assumptions (IB.3t . estimate (IA.41I) imphes 

1 Ca ~ Ca 



Ca 



X 



^ ^lll^llx^^„ +eil|ImC|lx„„ +ei||Ca - l|lx^„ ^ ^lll^l 



X 



No 



No 



Proof of (IB. 51 ). We need to estimate all of the terms in the difference 2w — {dt + bda)v from (IB.25I ). The 
terms 

I Ca ~ Co 



Co 



and {'H + 'H)w 



can be estimated as above, the only difference being the appearance of w instead of u. The last term in 
(IB. 251 ) is of the fonii C{u,u,lm(a), where C is defined in (17.1001 ). This can be directly estimated using 
(IA.45I ). The remaining terms are 

Ii := [ujH]^ and I2 := [u,'H]'^^^^ — — . 

Co Co 

These are terms of the form Qo{L, daL) and can be bounded by making use of (IA.40I ): 



X 



No 



+ 11^21 



X 



< 



No 



\\Qo{u,dau)\\^ <ei\\L\\x . 



Proof of (IB. 61) . We start from (IB. 261 ) and rewrite as: 



Co 



-iw + iw { 1 

A 



A-1 
A 



(B.28) 



Since w satisfies (IB. 51 ). in order to show (IB. 61 ) is suffices to verify that 



w 1 



+ 



X 



No 



A-1 



A 



<^i\\L\ 



X 



X 



No 



No 



This follows from the bounds on j4 — 1 ( IA.21I ) and (IA.22I ). and the a priori assumptions (IB. 31 ). 
Proof of (IB. 7b . This follows directly from (IB. 271 ) and arguments similar to the ones above. 
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Proof of (IB. 101 ) and (IB.llI) . Using ( IA.9I ) in combination with (IB.7I ) one can deduce that 

In view of ( |B.4| )-( |B.8| ) we have then obtained ( IB. 101 ) ^ 

From the a priori bound on the H^^^^-nonn of L it is not hard to see that (IB. 91 ) holds true by using 
similar arguments as above. (IB. Ill ) immediately follows, concluding the proof of Lemma IB. II □ 

B.1.2. Proof of lemma\Bj\ Identities (2.50), (2.35) and (2.36) in IIWu09l respectively read: 



1 f {u{a) - uimCa - Cp) -7 ,a .^u 7 ^ , ^ 



(C(a)-C(/3))^ ^C,^/?+2(^"-^«)-+2^"- 

- k« {n^+ n^) + + ^ / Im f nC, , (B.29) 

v = 2u-{n + n)u- [n, ^] ~ , (B.30) 

= nC„ + (CaH^ + Cji^) (uU . (B.31) 



From these. Proposition |A.9| and the a priori assumption (IB. 31 ). it is not hard to see that 

Paxllj^ivi + \\v\\hn^ + ||9aA||j:^iv, < ei , (B.32) 
ll^ayllY + l|f II V +l|9Q,A||y 5.11-^11 Y • (B.33) 

II "A,|IAjV(j II ll-^ATg II " ~ II II-^JVq 

We are now going to use these bounds to control the commutators [dt + bda, D'^]/ and [dt + bda, S]f for 
/ = XjV, X. By direct computation one sees that 

k 

[^)^ dt + bda] = [^?^ bo^] = ^ &bd^-^da (B.34) 

[5, 9t + bda] = (ySb - da -\{dt + bda) ■ (B.35) 

Moreover, for 5^ = D^S, we have 

[Sk, dt + bda]f = D\S, dt + bda]f + 9t + bda]Sf . (B.36) 
From (|B34l ) it follows that for any < A; < iVo 



+ + < E \\d'h\\L^\\daf\\H^-. + \\dab\\H^-. E 

i=i i=i 



< ||5a6|| iVo ||9a/|lHfc-2 + \\dab\\Hk-A\daf\\^N^^, ■ 

Using (IB321) and (IB33] ) we see that for / = x, and < /c < iVo, or / = A and < /c < iVo - 2, we have 

\D^(dt + 6a„)/ - (at + bda)D^f\^^ < I|5„6||^^^J|L|U^^ + ei||5,6||^iVo-i . 
This would conclude the proof of (IB. 151 ) provided one has 

\\dab\\^p^^^ < ei and ||5„6||j^^o-i £ II^IIx^vq ' 
These two estimates foUow from Lemma Ia!41 
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To show the commutator estimate (IB.16I ) we start by using (IB.36I ): 

II [Sk,dt + bda]fh2 < II [D',dt + bda]Sf\\L, + II [5, dt + bda]f\\H^ • 

From (IB341 ). and for < /c < ^, we get 

\\[D\dt + bd^]Sf\\L, < \\dab\\^,^,\\d^Sf\\H.-. + ||9«6||^._,||a„5/||^.^, 
Using (IB.33I) we can bound the above right-hand side to obtain 

-vfc 



(B.37) 



(B.38) 



\\[D',dt+bd^]sf\\L,<\\d^b\\^^\m^^^^ 

for / = X, or A. Moreover, from (IB.35I I we see that 

\\[S,dt + bdM\\H>' < WSbdafWH'^ + Wbd^fWn'^ + m + bda)f\\j,, . 
With / = x> or A, and using (IB.32I) and (IB.33I) we deduce 

Ills, dt + fea„]/||^. < ei (||56||^. + ||6||^.) + \\{dt + bda)f\\i,, ■ (B-39) 
Putting together (IB.37I ) with (IB.38I) and ( IB.39I ) we get 

\\{Sk,dt + bdMh- < WdabW^N, \\L\\^^^ + £1 (||S6||^i^ + ||6||^^) + \m + bd^)f\\H. . 
To obtain ( IB.16I ) it then suffices to have 



WSbl 



_JVo 



< IILI 



XNn 



and 



These two estimates are again direct consequence of Lemma IA.4I 



<ei. 



B.1.3. Proof of lemma \B73\ Recall the definition of given in (lE'^l) : 



No 



X 



k=0 

No/2 



+ idJD\) [D'^x] da 



+ E / \\i9t + bda)Skx\'' + ida{Skx)\Skx)''da 



□ 



(B.40) 



(B.41) 



where := (I - 'H)f/2. As in Lemma 4.1 of IIWu09ll (see Lemma El below) we know that if Q is the 
boundary value of an holomorphic function in Q.{tY, such as then 



i j eda@ da>0. 
Therefore both summands in (IB .401 1 and (IB.41l i aie nonnegative. In particular 

>E / A idt + bd^)D\ + ^ / \[dt + bd^)SkX?. (B.42) 

From this, and since \ A — 1| < 1/2, see (IA.22I ). we get the desired bounds (IB.17I ) and (IB .201 ) . The exact 
same argument can be used to show ( IB. 191 ) and (IB.22I ). 

To prove (IB. 181 ) and (IB. 211 ) the argument is more complicated since E'" is not nonnegative, but we just 
need to adapt the proof of Lemma 4.2 in ||Wu09l pp. 89-92]. First, recall the definition of E"" 



+ id^D^viD^vi da 



+ XI / -x\{dt + bda)SkVi\^ + idaSkViSkVida 
k=i 
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Then, with a sUght abuse of notation, we set 

No ^ 
E-{t) = ^El{t) , El{t)= -{dt + bd^)T^v, 



with 



+ idoT^viT^vi da 



No 



D" for any < A; < iVo or = Sk for < A; < ^ . 



Let us define the holomorphic and anti-holomorphic parts of T vi. 



iti. 



— — ^ vi 



We can then rewrite 

Em - 



Since the second summand in the above integral is nonnegative we have 



Em> / l|(9i + 6a,)rS 



da 



(vldaRk + Rldcvl + Rld^Rk) 



da . 



Moreover, since 



vi = 2v + [u,n]—x =■■ 2u + Qoiu,daX) , 



(B.43) 



one has 



(dt + bda)r^v 



da 



[rildaRl + Rkd^k + RkdaRk) 



{dt + bdc.)T''Qoiu,daX) 
da . 



da 



Averaging the last two inequaUties above one gets 



EUt)> J j\idt + bda)T''v\\^\{dt + bda)T''vi 



1 

2A 



{dt + bd^)T''Qoiu,dc,x) 



da 



da 



ivld^Rl + Rldo^rjl + Rlda%) da 



> /I 



{dt + 6a«)rS 



1 

+ 4 



{dt + 65„)r^t;i 



da 



{dt + bdc,)T^Qo{u,d^x) 



da 



{r,ld^Rl + Rld^r]l + Rld^B"k)da 



(B.44) 



having used 1/2 <\A\ <2. We then need to bound the last two contributions in (IB.44I ). 

Estimate of the first term in (IB.44I ). By commuting dt + bda and F as already done before, and using the 

bounds in Proposition IA.9I we get 

\{dt + bdo:)V^Qo{u,d^x)\^^ < c{ei)ei\\L\\^^^ + \\{dt + bdo:)Qo{u,d^x)\\x, ■ 
Following the computations on page 91 of ||Wu09ll one has 

mj \C{a)-m) 
\\{dt + bde,)Qo{u,dcx)\\xk < eill-^llx, + &^")xllxjvo 



{dt + bda)Qo{u,d^x) = [w,n]^ + [u,n]^{dt + bde,)x + ^ 

Using again Proposition IA.9I it is not hard to see that 
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From Lemma IR!2] we already know that \\{dt + bda)x\\xN ^ II llxjv ~^ VE^, and therefore 



from which we infer 



\\idt + bdMiu,daX)\\x^^^<ei\\L\\^^^^+e,E^, 



\\{dt + bda)r'^Qo{u,dax)\\L^<ei\\L\\^^ +eiE^ 



for any < A; < Nq. 

Estimate of the second tenn in (IB .44 1 ). RecalUng that vi = {I — 'H)vwe have 



daRl 



i + n 



2 

i-n* 



[r\n]v, 



d^[T\n]v. 



From (|A.49bl l. the estimates in Proposition IA.9I and Lemma IaTTI it is not hard to verify that 

J IvldaRll da < ||v||x,(llCa - lll^^+Jbllxfe + lICa " l|lxjbll^^+i 

A similar bound also holds for f \R1daR%\ da. Therefore 



ivld^Rl + Rld^rjl + Rld^Rl) da 



ivld^Rl - d^Rlfjl + RldM da 



^ (^illHlx^, +eillHlx^JlCa-l|U^J <ei||^| 



having used (IB.33b for the last inequality. 

Conclusion. Combining (IB .441) with (IB.45b and (IB.46b . and provided ei is small enough, we get 

E^'it) > + bd^)T''v\\% + ^Widt + bda)T''v,\\l2 - eiE^ - 

for any < A; < A^o- 



(B.45) 



(B.46) 



□ 



B.2. Proof of Proposition |8.2t Evolution of the Energy. We want to show, under the a priori assumptions 
(I8.1I ). the following bound for the evolution of the Energy 



|\/^<(llMi)llvK-i- + Pi" 



for any t G [0, T]. From the definition of E in ( 17.1081 ) we see that it suffices to prove 



dt 



Ef{t)<{\\L{t)\\^M,,^ + \\nL- 



\L 



(B.47) 



(B.48) 



for any t G [0, T] and f = and v. 



B.2. 1. Basic energy equality. Assume that is a smooth function vanishing sufficiently fast at infinity and 
satisfying the equation 



VF := {dt + b{t, a)da) F{t, a) - iA{t, a)daF{t, a) = G{t, a) . 
Define the zero-th energy associated to (IB. 491 ) by 

1 



E'o it) 



A{t,a) 



\{dt + b{t, a)da)F{t, a)f + iF{t, a)daF{t, a) da . 



(B.49) 



(B.50) 
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Also define higher order energies 

Ef(t) = [ , / A (dt + hit, a)de,)T^F(t, a) 1% a)dJT^Ff(t, a) da . (B.51) 

where j > 1, P = for j < Nq, or = Sj for j < No/2, and /'^ is defined in dTJOT] ). Then the 
following holds: 

Lemma B.4 ( ||Wu09l ). Assume that F and Eq are as above, then 

^X{t)= I -^Re{{dt + hdo)FG)--^'^ok~\dt + hd^)F\'da. (B.52) 
at JM ^ 

Furthermore, ifQ is the boundary value of an holomorphic function in Q^, that is = Q^, then 

i / Q{t,a)daQ{t,a)da > 0. 

Let (t) be as in (IB .5 II) . then 

^Ej{t) = [ ^Re {{dt + bda)T^FG~) - ^- o k~^\{dt + da (B.53) 

at A A a 

- 2Re [ idt{r^Ffda{r^FY + idt(T^ Ff daiV^pf + dt(T^ F^ da{r^FY da . (B.54) 

where 

Gj ■.= T^G+[V,r^F 
and f is defined by f := (1/2) (/ + 71)/. 

The proof of the above Lemma can be found in ||Wu09l pp. 83-85]. 
B.2.2. Evolution of E^. We want to show 

j^E^t) < (IILII^^,,.. + \\nL~\\^^„^)'E{t) . (B.55) 
We recall that the energy E^ is given by 



r 1 2 h h 

E''it) = Y, ^\idt + bda)D'^x\ +ida[D'x) (^'x) da 

No/2 

+ E / -r\idt + bd^)Skx\^ + id^iSkxf{Skx)''da- 



From (17.911 ) and (17.1021 ) we know that x satisfies an equation of the form Px = G^ with a cubic nonlin- 
earity G^ = C{u,\raQ,Ua) + C{u,u,\r[iQa), where C are operators of the type defined in (I7.101l i. This 
nonlinearity can be schematically rewritten as 

G^ = C(L,L,La) . (B.56) 



GLOBAL SOLUTIONS FOR THE GRAVITY WATER WAVES SYSTEM IN 2D 



71 



d_ 
di 



By using Lemma IR!41 one obtains 



A a 



{dt + bdc^D^^x 



da 



(B.57) 



fc=0 

iVo „ 

2j^Re / iat(Z)'=x)''9„p^xr + ^9t(Z?*^x)'^9„(I)^x)'^ + ^9t(^'xr5„(2?'=x)''d« (B.58) 
fc=o 

No/2 

I Z \ lit ^ r, 

(B.59) 



No/2 

- 2 ^ Re / idtiSkxfd^iSkxY + idtiSkxYdaiSkX)" + (5fcx)''5,(5fcx)^ da . (B.60) 
fc=i 

Since ||^ — l||^oo < |, we have 

(E57]i + (ESS < ^/mt)Yl (II^'g^IIl^ + Wir, d'^Ml^) 



k=0 
No/2 



+ ./mt) {\\S,G^^, + \\[P, Sk]x\\L^) + EHt) 



k=l 



The terms in (IB.58I ) and (IB .601 ) are remainder terms. Since there is no logarithmic loss in the estimates for 
those terms in HWuOQl p. 94-98], they can be estimated exactly as in the cited paper, and therefore we skip 
them. Thus, to obtain the desired bound (IB. 551 ) on the evolution of it suffices to show 

(B.61) 

f ||?^L-||^^iVi,oo)^/E (B.62) 





No 






fc=0 




No/2 






k=l 




11 a 


< II 

rs_/ 1 1 



E 



\^rNi,oo + ll'W-L ll^yiVi.oo) '\/E 



(B.63) 
(B.64) 



These estimates are performed in the next four subsections. 

Proof of (IB. 611 ). The bound (IB. 611 ) follows directly from (IB. 561 ) and Proposition lA.9l Indeed applying (IA.45b 
we see that 

having used (18.21 ) in the last inequality. 

Proof of (IB. 621 ). Recall the definition V = {dt + bdaY ~ iAda- By direct computation we see that 

[D^v]/ = [D\ dt + bd^m + bda)f + {dt + bd^)[D\dt + bOM - i[D'',AdM 
= [D\ bdaKdt + bd^)f + {dt + bd^)[D\bdM - i[D\ Ad^\f 

= d^bd''-^da{dt + bda)f + {dt + bda) ^ d^bd''~^daf - i ^ d^Ad^^^d^f • (B.65) 
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It follows that for any < A; < iVo 

< \\{dt + hdo,)x\\H^o\\dah\\w^on,'=- + \\dah\\Ht^o-A\{dt + bda)x\\w'^on,^ (B.66a) 

No-l No/2 

+ Yl II + bda)d'dab\\L2\\do,x\\w^o/^^^ + \\db\\HNo~i J2 II + bda)d^ do^xh^ (B-66b) 

j=0 j=0 
No/2 No-l 

+ Y \\{dt + bda)d^dab\\^^\\dax\\H'^o-^ + \\db\\ \\idt + bda)d^d^x\\L^ (B.66C) 

j=0 j=0 
+ II'^qXIIh^O ll'9a^llvK^0/2,oo + ll^aAllj^ATp ||5QxllH/^fo/2>oo • (B.66d) 

Combining (IB. 10b . commutator estimates for [dt + bdajD^, (IB. 121 ) and (18.21) . it follows that 

m + bda)x\\H^o + Yl II + bda)d'dax\\L^ + WdaxWn^o < ^/m- (B.67) 

From (IB. Ill ) in Lemma IB. 11 ( IB.12I ) in Lemma IB.2I Lemma lA.lOl and commutation estimates for [dt + 
bda,DA, we also control the following L°° norms: 

No/2 

+ 69a)x||iy^o/2,°- + ll'9aXllvi/^o/2,oo + ^ \\{dt + bdc,)d^ d^xW ^ ll^lliyJVi,<- ■ (B.68) 

j=0 

Estimate of (IB.66al ). Using (IB. 671 ) and (IB. 681) we can bound 



(EMU < ljNo-1 \\L\\l^YN-^,oa . 

To obtain the desired bound in then suffices to show 

l|9o&|ll4/JVo/2,oo < 11-^11 H/'Vl."" (B.69) 
ll^a^llijJVo-i < ||L||(^iVi.oc\/^. (B.70) 
From formula (IA.25I ) we see that {I — T-Cjb = g with 

g = -[u,n\^^^. (B.71) 

Using (lA.llI) in Lemma IA!2| we get 

ll^a^ll + ll^ll ll'9o5'll//JVo/2+l ■ 

Since g above is an operator of the form Qo{L, L), with Qq defined in (IA.28I) . we can use the bound 
provided by (IA.43I ) to deduce 

||c^a^|lvK^0/2.°° ^ l|-^^lliy'^0/2+2,'x) (^||^i||l4/JVo/2+2,cx) + ||L||^]V(,/2+2,«.^ . (B.72) 

Here we have also used the L^-bounds from |A.6] to estimate j:^iv,)/2+i, and the a priori assumption 

||L||^jVi+5 < El. (IB. 691 ) is proven. Using again Lemma IAT2] we can estimate 

l|t^a&ll_f/^o-i ^ l|9a5||/^iVo-i < ll^llji^iVo ||-Z>||vi/^o/2+2,<x) , (B.73) 

which in light of (18.21 ) suffices to obtain (IB.70I ). 
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Estimate of (IB.66bb . Using (IB.67b and (IB.68b we see that 

j=0 

Since we already have the bound (IB.70I ) for ||9a^||H^o-i' order to estimate (IB .6651 ) it suffices to show 

m + bd^)cPdab\\^,<\\L\\^M,/2+.,^\\L\\^^^. (B.74) 

j=0 

To establish this estimate we use the following formula derived by Wu: 

{i-n){dt + bda)b = B3 



53:= K^]^^^- — '--[wM- 



Using this formula, (IA.8I ) in Lemma lA!2l and the fact that 5t + bda\b gives higher order quaitic terms, 
it is not hard to see that ( IB.74I ) holds 

Estimate of (IB.66cl ). Using again (IB.67I) and (IB.68I) we can bound 

N0I2 

(lB3fei) < \\{dt + bd^)d^dML^^/E{t) + \\dMw^o/^^^VW)- 

j=0 

By virtue of (IB .691 ) it suffices to establish the bound 

\\idt + bdo.)d^dab\\L^ < (^WHLW^^./^+^.oo + ||L|| (B.76) 

j=0 

Commuting dt + 69a and 9^, using (IB.75I ) and (lA.llI ) in Lemma lA!2l one can see that for any < j < 

~ 2 

\\{dt + bda)d^do^b\\^^ < Wdaidt + bd^)b\\ + ll^ll 

ii~ii 

^ ||9a-B3||jyiVo/2,oo + ||L||^]Vo/2+2,^ ||5Q,i?3||j:^JVo/2+l + 1 1 L 1 1 y[/iVo/2+2,oo 

Since ||9a-B3||jyjvo/2+i can be easily estimated by means of IA.6I we only need bound ||5a53||^y]VQ/2,oo. -B3 
contains potentially dangerous terms of the form Qo{L, L) but we only have to estimate their derivatives in 
L°°. We can then use again (IA.43b in Proposition IA.9l to obtain 

11^^0-63 II Vl/JVo/2,tx, < (^||^L||jyJVo/2+2,<x> + ||-L||^JVo/2+2,oo^ . 

This gives (IB.76I) . which in turn majorizes (IB.66cl ) by the right-hand side of (IB .621) as desired. 
Estimate of (IB.66dl) . From (IB^TI ) and (ESUl we see that 



H'^o 1 1 1 1 ly ^0/2+2,0 

To obtain the desired bound it is sufficient to show the following two estimates: 



|9aA||^]Vo < a/ i?(t)||I/||^]Vo/2+2,oo (B.77) 
\da{A — l)||^JVo/2,«) < ( ||'HL||^yiVo/2+2,oo + 1 1 L 1 1 ^y JVo/2+2,c» ) . (B.78) 



RecalUng the identity (IA.24I ) for (/ — ?^)(^ — 1) we see that the two terms in the right hand side of that 
formula are of the same type of the one appearing in the formula (IB. 711 ) for {I — 'H)b. Therefore, in order to 
show (IB. 771 ) and (IB.78I) . one can proceed in the exact same fashion as was done before to obtain (IB. 691 ) and 
(IB. 701 ). Also in this case the presence of a derivative acting on ^ — 1 in (IB.78I) plays a crucial role, allowing 
us to use the bound (IA.43b on operators of the type daQo- 
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Proof of dEMll. Since Sk = D^S for any < A: < No/2, we can write 

[V,Sk]f=[V,D>']S + D'^[V,S]. 
Thus, to prove (IB.63I ) it is enough to show 

\\[P,D'']Sx\\l2 < (ll^llvF^i.oo + ||^L-||^;^.^„^)'V^ (B.79) 

\\[T',S]x\\h^ < (ll^llvK^i.oo + \\nL-\\^M„^)^VE (B.80) 

for any < k < Nq/2. Recall that the commutation [V, D''] is explicitely given in (IB.65I) . whereas a direct 
computation shows that 



(B.81) 



[v,s]=v + {[sb- -b]bo,- sidt + bdo,)b } a„ 



Sb--b] {{dt + bda)d^ + daidt + bda)} + iSAd^ . 



(B.82) 



Proof of (IB7791) . For < /c < No/2, we first use (EM) to obtain 

k 

j=l 

+ ll^a^ll 

Commuting (9t + bda with 9. and S in the appropriate fashion, using (IB .201 1 to control the norm of 
da{dt + bda)SkX' ^rid (IB.12I ) to control ||5aS'x||//fc-i, we see that all of the L^-based norms in (IB .821 ) are 
controlled by VE. To obtain (IB .791 ) We ai'e then left with proving that for < A: < 

v2 



ll^ci^lliyfe-i."" ^ (11-^11 vF^i'°° + 11^-^ \\w'^- 



l>a°) 



11(^4 + b^a)^ab\\■^yk-l,oc < (ll^llvi/^1,00 + WHL W^n^,^)' 



(B.83) 
(B.84) 
(B.85) 



The bound (IB.83I) is implied by (IB.72I ) which has been already proven. Up to commuting dt + bda and c^, 
for < j < — 1, we see that (IB.84I ) would follow from obtaining the same bound for {dt + bda)dadab- 
Such an estimate has been already obtained in (IB.76I ). Since also ( IB.85I ) has been shown to hold true before, 
see (IB.78I ). we have completed the proof of (IB.79I ). 
Proof of (lOOl ). Using (IbTST] ). for any < < No/2, we can estimate 



\\[P,S]x\\H^<\\Vx\\m + 



Sb--b 



I^qIIh* + \\S{dt + bda)b\\Hk 1 \\daX\\ i^, 



+ 



Sb--b 



daidt + bda)xl,^^,^ + \\S{A - \\dax\ 



w 



No 



From (IB.l II ) we know that 

Also, it is easy to see that ||6||j:^fc < 1, under the a priori assumptions (IB.BI l. To conclude the desired bound 
it then suffices to show the following L^-estimates: 

\\Sb\\Hk < (||i^|lvK^i,oo + \\nL-\\^N,.o.) Ve (B.86) 

\\S{dt + bda)b\\Hk < + \\'HL-\\^m,.^)Ve (B.87) 

\\S{A - l)\\Hk < {m^N^.o. + \\nL-\yN,.o.) (B.88) 
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for any <k< No/2. 

The above three estimates can all be proven in the same fashion, so we just detail the first one. As before, 
from (IA.25I ) we know that (/ — 'H)b = Qo{L, L), where Qo is as in (IA.28l) . From (IA.9I ) we then have 



\\Sb\\H. < ||Qo(Ai)|lx, + liCa - [\\Qo{L,L)\\^,^^ + ||ImC.||^.,..||Qo(^,^)||^|+, 

Using the estimate (IA.40I ). and the energy bounds (I8.2I ). we see that ||Qo(-^) bounded by the right- 

hand side of (IB.86I ). Moreover, since Qq(L,L) ~ ^{LL) + LT-LL we can use ( IA.3I ). and the a priori 
assumptions, to deduce that 



\Qo{L,L)\\^u_ 



< \\L\\ 



w 



\L\ 



H 



^+3 



< IILI 



w 



This and IICq - lllxj^ ^ suffice to obtain (lR86l ). One can easily see that (lR87l) and (IbTSSI ) follow 
analogously, by using respectively the identities ( IB.75I ) and ( IA.24I ). 

Proof of (IB.64I ). In order to complete the Energy estimate for we want to prove the L°° bound 



at 



k' 



< \\L\ 



In what follows we are going to establish the stronger bound 



a 



No 



< \\L\ 



^yJVJ,oo 



and the additional estimate 



^ok~' 
a 



< \\L\ 



\L\ 



(B.89) 



(B.90) 



The above bounds will also be useful later on. To prove (|B.89I )- (|B.90I ) we will use Lemma IA3] in combina- 
tion with the formula (2.32) from ||Wu091 . which is 



at 



with h ■■= 2i[w,'H]y^ + 2i[u,n]y^ 



h :-- 



u{a) - u{/3)Y_ 



I2 is a cubic term, therefore easier to estimate, so that we can skip its treatment and focus on Ii. From 
Lemma Ia3] we see that in order to prove (|B.891 l it suffices to obtain the bounds 



|Re/i|| iVf, < ||-L||m/jv, ,tx> 



w 



2 



\I- 



To prove ( IB.90I ) instead it is enough to show 



X 



No 



< \\L\ 



\L\ 



X 



No 



(B.91) 
(B.92) 

(B.93) 



To prove ( IB.91I ) we write explicitely Reli as follows: 



Re/i = Re 



wi^a) — w{l3) 

c(«) - m 



MP) dp 



u{a) — u{f3) 
vry C(a) - C(/3) 



Re ( w2iH-^ + u2m-^ 



,2 
Re ( - 

TT 



c(«) - m 



dp 



(B.94) 
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The first contribution above is estimated using (IA.46l i: 



w2m^ + u2in^ 

so so 



< 



To bound the second summand in (IB ■94b we use the identity 



2Re 



and notice that 



/ 



/(/?) 



d(3 



C(a)-C(/3) " J C(a)-C(/3) 



lC(a)-C(/3)r 



It follows that 



2Re {wui3 + nw^) = di3{wu + uit;) . 



Try C(a)-C(/3) J Co 



where 1^ is cubic remainder which can be easily estimated. Since 

^daiwu + UW) 



n- 



Co 



< 



\W\\ Nn , „ \\U\\ N, 



w 



(B.95) 



(B.96) 



(B.97) 



we have concluded the proof of (IB.91I ). The estimates (IB .921 ) and ( IB.93I ) follow respectively from (IA.3l l. and 
the bound (IA.41I I provided by Proposition IA.9I 

B.2.3. Evolution of E-'^. The energy associated with A is given by 



No-2 



^ + idJD^\\^(D^\\^ da 



E\t)= [ j\{dt + bd^)D'^X 

No/2 

+ Y. -j\{dt + hd^)Sk\\' + ido,{Sk\t{Sk'^'"da. 

J 1 



From (17:93] ) and (17:961 ) we have {dt + hd^fX + iAd^X Ej=i G], where 



Gl = -2[u,n]- 



Co Co 



(Co"') 



Co 



= - 



Iff u(a) — u 



i^J VC(a)-C(/3)y 



n(/?)C/3(/3)d/3. 



(B.98) 

(B.99) 
(B.lOO) 

(B.lOl) 
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As already done for x before, we use Proposition IB.4l to compute 

' '^da (B.102) 



j^E\t)= J2 -^t({dt + hd^)D^\VD^\)--^ok-^ {dt + bd^)D^\ 

k=0 " 
No~2 

-2 ^ Re / idtiD''Xfdc,{D''XY + idt{D^XYdaiD''X)i^ + idt{D^XYdaiD''XYda 



k=0 

(B.103) 

No/2 

+ E / -TRe((5t + 69„)SfcAP5fcA)--^ofc-i|(at + 6aa)5fcA|2(ia (B.104) 
k=i •' ^ 

No/2 

- 2 Re / idtiSkXYd^iSkXY + idtiSkXYdo^iSkXY + idt{SkXYda{SkXY da . (B.105) 
k=i •' 

Since ||yl — lH^^oo < ^ we see that 

^ ^0-2 

(lBl02l) + (IBJ041) < VE^it) V (||Z?''G^IL2 + ||[P,i?'^]A||^2) (B.106) 

fc=0 

Af()/2 

+ V (||5fcG^IL2 + ||[P,5fc]A||^.) (B.107) 



A,'=l 



(B.108) 



II a 

As before, the terms in (IB.103l l and (IB.lOSI l are remainder terms: there is no logarithmic loss in estimating 
them already in ||Wu091 . so we can disregad them. Moreover \\at/a o k~^\\^aa has been already estimated 
in section |B.2.2[ see ( |B.89b . Also, the terms || [P, D^]X\\i^2 and || [P, •S'fcjAH can be treated exactly as done 
in sections IB .2.21 and IB ■2.2I Therefore, to control the time evolution of by the right-hand side of (IB.48I ) 
it suffices to show 

\\G''\\x^^^\\m\\wN,.^\\L\\x,^. (B.109) 
This is done in the following sections by estimating each of the terms in ( |B.98I )- (IB.101I ). 
Estimate of (IB.98I ). Observe that 

G} = -1 / K«)-"(ffl)(IK(o) -ImCW)^ ^ 

KW - C(/3)l' ^ 

and therefore it is an operator of the form C(ii, Im(^, wC,a) which can be estimated by means of Proposition 

\m 

Estimate of (IB .991) . The term G2 is more delicate. In order to estimate it we need to exploit its special 
structure, which allows the appearence of the Hilbert transfomi acting on products only when the arguments 
ai^e perfect derivative of functions that we can control. Let us stait by explicitely rewriting G2 as 

Gl = uU {ut^\ - n (uu^) + u^n^ - uH (u^\ . (B.llO) 

We can then apply for = 1, . . . , A'^o, and Sk, for A; = 0, ... , Nq/2, to the above expression and use 
the commutation identities to distribute them. This procedure will give many teniis, most of which can be 
estimated directly using the -bounds given by Proposition IA.9I There will only two types of dangerous 
terms: 

1. Terms for which or 5jvq/2 fall on 
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2. Terms that require the estimate in L°° of an Hilbert transform of a product, such as 'H-^uUa- 
More precisely, denoting by T^" either Z)^" or S'7v,j/2, all the dangerous terms are: 



= r^«uW ( u't\ , A2 = un( 



A3 = —% ( uu — = 



Ca 



A. 



T^'^uH ( u 



'Ca 



-uH I u 



In particular, using Propositions |A.9| and rA.6l one can verify that 



r^" ( uU 



u- 



Ca 



{Al + A2) 



+ 




L2 





Un 



UU- 



Ca 



A. 



L2 



+ 



2 



u'n-^]-{A^ + A,^ 

^a 



+ 



L2 



L2 



^ ll'"llpV^l-°°ll'"llXjVn 



It follows that 



< 



To estimate the terms Aj we need to combine them appropriately. More precisely we look at the combina- 



tions 



Ao + A3 



1 f{u{a)-umumr^No 



1 



iTT J C(«) - C(/3) 
u{a) — u{j3) 

C(«)-C(/3) 



^5 + ^7 = — 'u(q) 



T"'^up{l3)dp 



Ca 



Ca 



(B.lll) 
(B.112) 
(B.113) 



The remaining term A/^ can be directly bounded using Lemma lA.lOl 



I^4|li2 < 



Ca 



< ||n||^^||r^°n||^. 



L2 



Co 



The terms (IB.lllI ) and (IB.l 121 ) can be estimated by means of (IA.41I ) (case = 0) in Proposition IA.9l since. 
upon commutmg r^o and da, they aie linear combinations of terms of the fonii 

Qo(n,5anr^"n) , Qo (^i,5„(?ir^0u)) , Qq{u,uT^''u) or uQ^iu^da^^^'u) . 

Notice that there are no singular integrals that need to be estimated in L°° here. 
To bound (IB. 1131) we rewrite it as: 

(iBTiJl) = r^°u iu^i^u^) + H-^(nn«) ) - r^°n iu^i^uo) + U^iuuS] 

\ Ca Ca J \ Ca Ca J 

= V^°u(u^ + n^] {uua) -T^^'un^daiuu) =: Bi + B2 (B.114) 

V Ca CaJ Ca 

The first term Bi in (IB. 114b is quartic and can therefore be easily estimated. The second term B2 can instead 
be bounded by means of Lemma lA. 101 using the fact that the argument of the Hilbert transform is a perfect 
derivative: 



1^211 < l|r^°^^llL2 



7i^da{uu] 

Ca 
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Estimate of (IB.lOOl ). The term G3 can be treated similarly to G2. Using the same notation as above, and 
indicating with "+ • • • " hamiless terms that can be controlled directly by means of Propositions [A!9] or IA.6I 
we can write 

r^oG^ = -2r^o ([u,n]^) =-2T^°u'H^-2[u,n]^^^^p^ + --- . (b.iis) 

The first summand in (IB.115I ) is like B2 above. The second summand in (IB.115b is of the same form as 
(IB.lllb above, and therefore can be estimated similarly. 

Estimate of (IB. 1011 ). The term G4 is of the type C{L,L,L) and can therefore be treated directly using 
(IA.44I) in Proposition IA.9I This concludes the proof of (IB.109K hence of (IB.48I ) for / = A. 

B.2.4. Evolution of . The energy associated with w is given by 

No 



+ idaD^viD^vlda 



+ ^ / -j\{dt + hda)SkVi\^ + ido,{SkVi){SkVi) da. 
k=i 

Here vi = {I - n)v and from dUI]), (ITOSl) . (EH we have (9j + hdafvi + iAdo^vi = Y.]=i Gf, with 



Gl' = (I -n)Vv = {1-71)^0] (B.116) 

= -2[n,1^]^Px (B.117) 
G-=-2[n,?^]|(u;|x) (B.118) 



=-i[(?^ + ^)t.,?^]( ^ ) X (B.119) 



(B.120) 



and 



4 /• (t/;(a)-i/;(/3))(ImC(a) -ImC(/3)) 
vri \C{a)-Cm' 



G1 = -z I ' ' ' .7 Z 2 ^'"^" upiP) d/3 (B.121) 



4 r (.(a)-n(/3))(ImC(a) -ImC(/3)) 

vry ^^^^ ^ 

GI = -A/M^^l^^,,(;5)d/3 (B.124) 
^^J (C(a)-C(/3)) 
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= - 1 

iir 1 




= - 1 

ivr J 




2 


ivr 


Gl 


.at 

= I — o 

a 



{u{a) - umiAo^) - HP)) 
IC(a)-C(/3)|' 



{Cp-Cp)dP 



u{a) -u{P)V _ 
—— — - [up - U/b) dp 



(B.125) 
(B.126) 

(B.127) 
(B.128) 



Using ( IB.52I) we compute 

N(, 



k=0 '' " 

+ Ey -^^^m + bd^)SkViVSkVi)---^ok-\dt + bd^)SkVi\'da 



k=l 



Since ||j4 — l\\^oo < | we see that 



dt 



k=0 
No/2 



^(t) i\\SkG''^\\L^ + \\[V,Sk]vih.) + E^'^{t) 



k=l 



Since \\at/aok ^\\i^oa has been already estimated in ( IB.89I ). and [[[P, L)'^]wi||j^2 and || ['P, 5']fi ||^2 can be 
bounded as in sections IB .2.21 and IB ■2.2[ we only need to suitably control H^^^ by showing 



|G-Ilx.„<(ll^ 



w 



\^\\T\ 

^1,00 J II J^l 



X 



No 



(B.129) 



This bound is proven below by separately estimating each of the terms (IB.l 16I )- (IB.120I ). 
Estimate of (IB. 1161) . From (IA.21 i we see that 

8 8 



(B.130) 



Since the second summand above is easier to estimate (it is a quartic expression) we just show how to 
control the XAr,j-norm of the terms in (IB.121I) - (IB.128I) . With the exception of (IB. 1281) . these are all 
terms of the form C(L, L, Lq,) for which (IA.45I ) applies directly. To estimate (IB.1281 l we first notice that we 
can essentially replace A with 1 in view of (lA. 181 ). and deduce 



— ok^ daX 


< 


^ok~' 


a 


Xno 


a 



X 



\9aX\\...^ _ + 



No 



a 



Nn 



Using (IB.89l )- (IB.90b to bound the norms of at/a ok ^, and (IB.32I )- (IB.33I) to control the norms of daX we 
see 



— ok^ AdaX 
a 



< \\L 



X 



No 



\L\ 



X 



No 



as desired. 
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Estimate of (IB. 117b . Since Px is a cubic term, (IB. 1 171 ) is a quartic term. Moreover it is of the fomi 
Qoiu, daVx)- Thus we can use (IA.41I ) to obtain 

One can then use bounds obtained previously on H'PxIlxjv estimate 

which is easy to derive, to deduce the desired bound for (IB. 1 171) . 
Estimate of (IB. 1181) . This term is of the form 

d, 



Applying (IA.41I) . followed by product estimates, (IB.32I )- (IB.33I ). and the use of (IB. 121) . we see that 



da 


+ 


da 


W—X 


W—X 




da 

W—X 




lICa- 





w 



Estimate of (IB. 1191 ). This contribution can also be written in temis of the operator Qq as 

mm = Qo {[-H + 'H)u, da (l^x) ) . 

We can then use again (IA.40b to obtain 

da 



Mm\\x^<\m+n) 



UW No 



■^x 



+ 



da 

■^x 



da 

^X 

SOI 



lla-l| 



\\{'H + n)u\ 



w- 



+ \\{n + 'H)u\\ ivc, , 

From (IA.6I ) we deduce 
Using these bounds we eventually see that 



'■+3,00 



mm\\x.<\\L\\xj\L\ 



Estimate of (IB. 1201) . This term is of the form C{L, L, La) and therefore (IA.45l l can be applied directly. 

B.3. Proof of Proposition I8.3t Control in terms of the Z' norm. Recall the definitions 

L := {Ca - l,u,w) , L := {Ca - '^,u,w,lmC,daX,v) (B.131) 

and 

L~ := {Ca-'^,u,w,daX,v)- (B.132) 

We want to show 
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and 

\\nL-{t)\\^^^,^ <\\{h{t),cpm\z, (B.134) 
where the Z' norm is defined in ( I1.9I ). These estimates rely on the following Lemmas. 
Lemma B.5. Assume ( IB.3I ) holds. Then there exists constants Ci, di, for i = 1, . . . , 5 such that 

L~{t, a) — CidaX{tj ct) ~ dida^it, a) = Q{t, a) (B.135) 
where Q denotes a quadratic expression in L satisfying 

mmm ^ ii^(oii/f.+iii£(*)ii^i+i,oo • (B-136) 

Lemma B.6. Assume that the a priori estimates (lEOb and (|L1I) - (|L2I) hold, and that 

sup(l + t)i||0(t)||^^ <ei, (B.137) 

[0,T] 

as guranteed by (I4.35I ). Then for any < k < Ni and any t € [0, T] we have, 

\\daX{t)\\w^,oo < mt),<pm\z, (B.138) 

\\daxmw>^.,o.<mt),cpm\z' i^m 

and 

wndaxmw^^^ ^ \mt),m)\\z' (b-i40) 

\\ndaX{t)\\^,,^ < \\{h{t),<pm\^,. (B.141) 

Proof of Proposition \8. 3\ The estimate 

\\L \\^rNl,<x, + WJiL \\^rNl,oo <\\{h,(j))\\^, 
clearly follows by combining the above Lemmas. To obtain (IB. 1331 ) we need to use in addition the identity 

ImC(t,a) = h{t,ReC{t,a)) 

to estimate ImC in W^^'°°: 
IllmCll 

□ 

B.3.1. Proof of Lemma \B3\ To prove Lemma IB3] we use the identities (2.44), (2.50), (3.38) and (2.35) 
derived by Wu IIWu09L which relate the components of L~ , (a — l,u,w and v, to daX ^rid daX. These are 
given resepctively by 

U = d^X + n(l - Ca) + \{Ca - Ca)^ + + i^Ca) (B.142) 

/lmf^i^l^VnC,d/3 (B.143) 

u; ^ - 1 
(--'-iA-— _ 

V = 2u - {% +JL)u - [n, ^" ~ ^" . (B.145) 

Ca 
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From (IB .1421 ) we can schematically write 

u-daX = L-L + Q{L,L) 

up to cubic and higher order terms whose arguments have the same regularity of L. Commuting derivatives 
via ( |A.49bb and using ( IA.58I ). it is then easy to verify that u — 9q,A = Q, where Q is a quadratic term 
satisfying the estimate ( IB. 136b in the statement. Similarly, from (IB. 1431 ) we deduce that up to cubic terms 

w - '-daX = n{L-La) + Qo{L, La) + Q(L, L) . 

Arguing as above using the bounds (IA.3I ). (IA.40I ) and (IA.58I ). it follows that w — ^daX = for some Q 
satisfying (IB. 1361 ). Using (IB. 1441) . the last equality above, and the quadratic bounds on yl — 1 given by 
(IA.18I) . we can write 

w A-1 . . A-1 A-l 1 

Ca - 1 = - = -iw + iw— — = -d^x + Q , 

so that (IB. 1351 ) is verified also for the component C,a — 1- Combining (IB. 1421) with the identity u — daX = Q, 
and the quadratic bounds onl-L + % given in (IA.6I ). we see that v — 2daX = Q, for Q as above. Thus we 
have checked that (IB. 1351) holds tme for alH = 1, . . . , 5. □ 



B.3.2. Proof of Lemma \BM Let % = T-Lc^ and let Hq be the flat Hilbert transform. We start by establishing 
the following estimate: 

||(/-1^)(/oReC)- [(/-//o)/(l + /i')] oReCL'.oo < ||/||iyfe+i.oo||/i||M/.+2,oo. (B.146) 

for any < A; < iVi + 4. Notice that since ImC(t, a) = h{t, ReC(t, a)) we have C = (x + ih{x)) o Re^. 
Thus by a change of variables one has 

(/ -U){fo ReC) = (/ - n,+ihi.))f o ReC ■ 
Expanding out the denominator in the expression for T-Lx+ih^x)! we see that 
{I - n,+mt,.))f = {I- Ho) [fit, •)(! + h'{t, •))] (x) + Rf{t, x) 

with i^Ht,x):=l + (B.147) 

ZTT J V x-y ) (x-y) 

for some smooth function H. To prove ( IB.146I ) it then suffices to show that Rf in W'''°° is bounded by the 
right-hand side of (IB. 1461 ). Applying the commutation identity ( |A.49b| ) in order to distribute derivatives, 
and the estimate (IA.50b . it is not hai^d to see that 

We will now show the estimates ( |B.139b and (IB. 1411) . The estimates (IB. 1381 ) and (IB. 1401 ) can be proven 
in a similar fashion, so we will not detail the proof here. 

Proof of ( IB.139I) . Recall the definition of A 

A = (/ - 'H)ip = {I-n){cf>o ReC) . 
Applying (IB. 1461) with / = </>, and using the assumption (IB. 1371 ). we see that 

\\daX-da [(/-Fo)0(l + /i')°ReC]|Lfe.oc < ||<^|Ivk^+i.oo||/i||h/^+2,oo < \\{h,^)\\z,. (B.148) 

for any < A; < A^^i + 2. Moreover, using WdxHofWj^oo < ||A/||,^i,oo, standard product estimates, and the 
hypothesis (IB. 1371 ). one can estimate 

\\da [{I - Ho)cPil + h')] o ReCll,^.,.. < \\dx [{I - i?o)<A(l + h')] 11^,.^ 



84 ALEXANDRU D. lONESCU AND FABIO PUSATERI 

This and (IB.148I) give us for all < < A^i + 2 



< 



(B.150) 



(B.151) 



which in paiticular implies (IB.139I ). 

Proof of (|B.141b . Let us write 

A = F o ReC with F{t, x) = {l - n^+ihit,x)) 

Then daX = dxF o Re^ da^&C,, and since we know that Ca — 1 has uniformly bounded norm, using 

also (IB.150I ). we can easily deduce that 

\\dxF\\w^^^ ^ l|5aA||M/fc,.o < \\{hA)\\z' > (B-152) 
for any Q < k < Ni + 2. Using the definition of T-L, and making a change of variables, we see that 

1 /■5,.F(t,ReC(t,/3)) 



Ca ^vr J 



c(«) - cm 

dyF{t,y) 



1 



ITT J X + ih{x) — [y + ih{y)) 



d^ReC{t,(3)d(3 
dy 



=Rec(t,o) 



It follows that 



\\Hdc\{t,a) 



< 



T-L-^daXit, a 

Ca 



dyF{t,y) 



dy 



Setting 



G{t,x) 



x + ih{x) — {y + ih{y)) 

f dyF{t,y) 
J x + ih{x) - {y + ih{y)) 
we see that in order to obtain (IB.141I ) it suffices to show 

||G||^yJVi,oo < 

Expanding the denominator in (IB.153I ). we can write 

G{t, x) = {I- Ho)dxF{t, ■){x) + Gi{t, x) 



+ 



dy- 



1 y^inz' 



) "FJWZ' 



(B.153) 



(B.154) 



with Gi{t,x) :- 



1 



ITT 



H 



x-y 



{x - yY 



(B.155) 



for some smooth function H. Expanding the denominator in the expression for F we can write: 

F{t, x) = {I- Ho) [(1 + h'{t, •))</>(*, ■)]{x) + R^t, x) 
where is given by (IB.147I ). It follows that 

G = {I- Ho)dM - ^o) [</>(! + h')] + (I - Ho)dxR^ + Gi (B.I56) 
To obtain (IB. 1541) is then enough to have 



\Hod,[qyil + h') 



< 



(B.157) 

- Ho)dxR4^^„^ <\\{h,<l,)\\z, , (B.I58) 
l|Gi||H^iv„oo < ||(/i,</.)||^,. (B.I59) 
The bound (IB. 157b has been already shown to hold true in the above paragraph, see (|B.1491 i. We also have 

ll-R^llvyJVl+a.cx) < ||(/'||vi/iVi+3,cx.||/i||^yiVi+4,cx. < 1 1 (/l, (/>) 1 1 
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which is stronger than (IB.158I ). Using again commutation identities and (IA.50I ). together with (IB.152I ). we 

get 

llGlll^yiVi.OO < \\h\\y^,N,+2,0.\\^r,F\\y^,N^+l,^ < \\h\\ N ,+2 \\ {k , (f>)\\ ^ > 

which is enough for ( IB.159I ). □ 

Appendix C. The symbols c'^'^'a 

In this section we calculate explicitly the symbols c'^'^'^ defined in (16.61) and prove the bounds (16.81 ) and 
(16:91) . 

W ill: V+{t) = V{t) and V~{t) = V{t), recall that 

^ V+{t) + V-{t) ^ ^^^^ ^ z[A-^y-(t)-A-V+(t)] _ 



Starting from the formula (I4.9K 

Nh{H,H,m) = -(i/2)|a,| [H^\d.,\'^ + \d^\{H^\d^\^) -2H\d^,\{H\d^\^>)\ , 

we calculate easily 

{'.l'.2t3) 

where the sum is taken over (6162^3) G {(+ H — ), ( h), (+ + +), ( )}, and 



+ 



16 

-|eiie-cT||r?-a|V2_|^||^||^_^|i/2 + |^||^||^|i/2 



Ci [^,V,(^) = ' 

Using now the formula ( 14. IIK 
we calculate easily 

4vr2 ^ Jr2 

(i'ii-2i-:i) 

where the sum is taken over {L1L2L3) G {(+ H — ), ( h), (+ + +), ( )}, and 

|^|l/2|^ - r?|3/2|a|l/2 + |^|l/2|^ _ ^|l/2|^|3/2 _ |g|l/2|g _ ^|1/2|^ _ ^|3/2 

C2 I? ) "^5 0-j = ^ 

-|g|l/2|g _ ^11^ _ ^|l/2|^|l/2 _ |^|1/2|^ _ ^|l/2|,^||^|l/2 + |^|1/2|^ _ ^|1/2|^||,^ _ ^|l/2 

^ 8 



--(e,r?,a)=c+++(e,r?,a). 



(C.2) 
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Let 

q2{tv)=^-\^-^])^-\^])Q2iC,v), m2(e,^)=A-'(^?W(e,r?). (C.3) 
Using the fact that A, Q2 aie symmetric we calculate 

:F[2A{M2iH,^),H)]{0 = -^ J2 I c'3'''''i^^V,cT)V^i^-V,t)\^{v-<^,t)V^HcT,t)dr,da, 

where the sum is taken over (6162^3) G {(+ H — ), ( h), (+ + +), ( )}, and 

++-fc N _ q(C, V)fh2{v, a) - a{^, v)m2{T], rj - a) - a{^, ^ - a)fri2{i - o", g - ??) 

C3 ri, <y) = ^ , (C.4) 

Similarly we calculate 

(11^213) 

where the sum is taken over (tit2''3) G {(+ H — ), ( V), (+ + +), ( )}, and 



, |C|V2b(^,a)|a|"i/2r^2(e-^,e-r?) 



^+++., _ -|g|^/^fe(^,e-^?)|e-^|-^/^m2(r?,cT) 

(C.5) 

Finally we calculate 

F[iKB{H,Q2{^,m{i) = ^ I ci''''{^,V,^)V^{^-V,t)V^Hv-^,t)V^'i<r,t)dr]da, 

(11^213) 

where the sum is taken over (tit2''3) G {(+ H — ), ( h), (+ + +), ( )}, and 

The following lemma gives the desired bounds (16.81 ) and (I6.9I ). 
Lemma C.l. T/je symbols c'^'^'^ satisfy the uniform bounds 
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for any (tii2'-3) £ {(+ H ), ( !"))(+ + +))( )} ^"'^ ^ii ^2, ^3 G ^- Moreover, for any 

k = (/ci, A:2, /ca), 1 = (/i, ^2, /a) G /ef 

(5xc|)k,i(2;, y) = {dxcl){x, y) ■ ipk^ + x)ipk2 + y)^ks + x + y)ipij {x)ipi^ {y)'fh (2? + 2; + y), 
(9yc|)k,i(2;, y) = {dyc*i:){x, y) ■ ipk^ {i + x)ipk2 + y)'/3fc3 {i + x + y)ipi^ {x)ipi^ {y)ipi^ {2^ + x + y). 
Then, for any k, 1 G Z,^, and ^ G M 

||(<9j;CPk,l||5- < 2~"'''"('=2,fc3)25max(fci,fc2,fc3)/2^ 

Proof of Lemma\Cj\ Clearly, for any (iii2i3) £{(+ + -),(--+),(+ + +),( )} 

5 

/=1 

The bound (IC.7I ) follows from the explicit formulas (IC.ll l- (IC.6l ). the symbol bounds in Lemma 1531 and the 
algebra properties in Lemma ls!2] (ii). 

Let /, : M \ {0} — )• { — 1, 1}, i{x) := x/\x\. Recalling the formulas in Lemma |5?T] and using (IC.1I) - (IC.6I) 
we calculate 

cl{x,y) = cl^{x,y) + cl2{x,y) + cl.^{x,y) + cl^{x,y) + clr,{x,y), 

where 

* , ,_m±yi^ \m+x+y\'/^ , mc+y\'/' m^+x+y\'/^ 

c^,i{x, y) - - - + - - 

\i\\2i + x + y\\i + y\^l^ |g||^||g + ^|i/2 |^||^||g + ^ + ^|i/2 
8 8 8 ' 

+ + X + , \imi + x\^l^\i + X + y\^l^ |g|l/2|g + ^|l/2|g^^|3/2 

%2{x^y) - ^ + ^ ^ 

\i\V'^\2^ + x + y\\i + y\y^\i + x + y\y^ 
8 

|g|l/2|^ + a,|l/2|^||g^^^^|l/2 |^|l/2|g^^|l/2|^||^^^|l/2 

8 + 8 ' 

* ( ^ + X + y\^'^i{i + x)[\x\i{^ + x + ij)-x] \m + y\^'^'^{i + x)[\x\i{i + y) + x] 

Ci,Ax,y) = ^ + ^ 

\m + x\^/h{i + X + y)[\2i + X + y\i{i + x)-{2i + x + y)] 

8 

* t , + x\'l^\i + X + y\'/hmx\i{i + x + y)-x] 
Ci,A{x,y) = 

\i\^'^\i + xmi + y\'/hmx\i{^ + y) + x] 
8 

+ x| V^IC + X + y\^lh{i)m + X + yH^ + x)-{2i + x + y)] 

8 

and 

* , , lei^/^ie + y\^'^\i + X + y\'/h{i)i{i + x)|x|[l - i{i + yW + x + y)] 

%dx^y) = ^ 

16 

The desired bounds dC.SI ) ai^e verified easily for every term in these formulas. 
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Using these formulas, we also calculate 

c^(0,0) = -1^1^/2/2. (C.9) 

□ 



Appendix D. Estimate of remainder terms 

In the first section below we give estimates for the Dirichlet -Neumann operator A/" in L^, weighted L^, 
and L^-based Sobolev spaces. We will the use these to establish several bounds for Ri and i?2- We then 
proceed to estimate all quartic and higher order remainder terms, and in particular prove (16.25) . 

D.l. Dirichlet-to-Neumann operator: multilinear estimates. Here we recall that if N denotes the out- 
ward normal vector of the interface 



M{h)(f>:= N ■V<l> = N -Vcfin , G{h)(t>= \/lV\hfM{h)(f). 



(D.l) 



We are interested in paiticular in estimating quartic and higher order terms in the expansion of the Dirichlet- 
Neumann operator The and weighted estimates are needed to obtain the improved weighted bounds 
on V in Proposition 14. 3 1 The estimates aie used to bound these higher order terms in the Z-norm. 
The first Proposition below gives estimates in L^-based spaces and its proven in lD.l.ll 

Proposition D.l. The Dirichlet-Neumann operator G can be expanded in a series 

G{h)f = Y,Mn+i{h,...,hJ), (D.2) 

n>0 

where Mn+i is an n + 1-linear operator satisfying the following bounds: 

(D.3) 

for some absolute constant Cq. 

Moreover, G is invariant under translation and scaling symmetries, and the following identities hold: 

n 

dxMn+i{hi,.. .,hn,f) = ^M„+i(/li, . . .,dxhi,.. .,hn,f) + Mn+iih, . . .,hn,d^f) (D.4) 

1=1 

n 

SMn+l{hi, . . . ,hn,f) = Af„+i(/li, . . . , Shi, ...,hn,f) + Mn+i{hi, ...,hn, Sf) 



i=l 
n 



(D.5) 



- ^M„+i(ft,i, ...,hn,f), 
i=l 

where S denotes the scaling vector field. As a consequence, for any integer I > one has: 

n n 

ll/xll WUhi, (D-6) 

1=1 j^i 1=1 

n 

||<S'M„+i(/ii, . . . , /i„, < ^ ll('S'/ii)'ll//i|l^jllvi/i.°° n ll^fellvy'^i'°°ll/a^lliy'.'« 

n 

+ E ii^^iih' n ii^^-iim/-!- {\\{sfy\\H^ + u'Wh^) , (D.7) 

1=1 jV't 
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where the implicit constants are bounded by Cq for some absolute constant Cq. 
Let us denote 

:= M^+^{h{t), h{t), m 



(D.8) 



n>3 



to be the quartic and higher order terms (in h and (j)) in the expansion of G. A corollary of this expansion 
and Proposition ID. H is the following: 



(D.9) 
(D.IO) 



Corollary D.2. Under the a priori assumptions (lEOI ) on h and (j) one has 

\\[Gm]^M\H-o-^ + \\s[GmhM\^^., < 4(1 + tf^'-'^' . 

Moreover, for Ri and R2 defined in (I4.6I) - (I4.7I ) we have 

\m+ikR2){t)\\^.,-. + \\S{R^+lKR2){t)\\^^_^^ < 4(1 + t)3P0-3/2 

The next Proposition establishes L^-type estimates: 



Proposition D.3. With the same notations of Proposition IZXT] and for any n > 3, we have 



\d^\^Mn+lihi,...,hn,f) <Y\\hi\\Hl+3Yl\\hj\\wNi,<^\\fx\\H' ■ 



i=l 



As a consequence, under the apriori assumption (lEOI) on h and (p. 



\da:\^[G{h)4>U{t) 



< 



+ 



3po-l 



(D.ll) 



(D.12) 



D.1.1. Proof of Proposition ID. i I This Proposition follows from some standard potential theory, arguments 
similar to those in IIGMS12bl sec. 7.2], and Theorem IA.5I We sketch the proof below. 

Expansion of the Dirichlet-Neuman operator. In order to find an explicit formula for the Dirichlet-Neumann 
operator we start with an ansatz for the harmonic extension of a function / to the domain {{x,z) : z < 

h{x)y. 



<^{x, z) = j ^ log (^\x - + \z- h{y)\'^^ p{y) dy . 



(D.13) 



By standard potential theory one has 



J\f{h)f{x) = lim V$(x, z) ■ N{x) 



p{x) 



1 + \h'(x) 



+ 



h{x) - h{y) + h' {x){y - x) 
\x-y\ +\h[x)-h[y)\ 



We then aim at determining p in terms of h and /. Using ( ID.13I ) and f{x) = $(x, h{x)), one has 

f{x) = y ^ log {\x - + \h{x) - /i(y)l^) p{y) dy . 



(D.14) 



(D.15) 



If follows that 

\dx\f{x) = iHo 



x-y + {hix)-h{y))h'{x) ^^^^ 
\x - + \h{x) - h{y)\^ 



00 „ 
p{x) + Y,iHo J 



n=l 

00 



x-y 



h{x) — h{y) \ ^" X — y + {h{x) — h{y))h'{x) 



{x - yY 



p{y) dy 



p{x) + Y,Pn{h)p{x). 



n=l 
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One can then invert the above series expansion and write 

k 



fc>0 



.n=l 



15.1/ (D.16) 



where 

J (x - y) J (x - y) 

Expanding the second summand in (ID. 141 ) one can write 

M{h)f{x) = \^^= + f; Q,,{h)p 

+ n=0 

x-y ) (x-y) 
Putting together (ID. lb . (ID. 161 ) and (ID.18I) we eventually obtain (ID.2I) . 

Symmetries and L^-bounds. The basic L^-type bounds (ID. 31 ) follow directly from the expansion (ID. 161 )- 
(ID.lSb and Theorem IA.5I The formulas (ID.4I ) and (ID. 51 ) follow from the space translation and scaling 
invariances of the basic operators P„ and Qn in (ID. 171 ) and (ID. 181 ). More precisely, for any 5 G M and A > 

[G{h{. + 5))f{- + 5)]{x) = [G{h)f]{x + 5), 
gQmA-)) f{X-){x) = \[G{h)f]{\x). 

These identities hold true for each operator M„ in the expansion (ID. 21 ). that is 

M„(/ii(- + 5), . . . , K{- + 5), /(• + 5)){x) = Mn{hi,. ..,K, /)(x + 6) , (D.19) 

Mn Q/ii(A-),...,^/i„(A-),/(A-)) (x) = M„(/ii,...,/i„,/)(Ax), (D.20) 

and can be verified directly on the operators Pn and Qn defined above. Differentiating with respect to the 
parameters in (ID.19l l and (ID.20l i. one sees that 



dxMn{hi,. ..,hnj) = ^M„(/ii, . . .,dxhi, . . . + M„(/ii, . . . , K^d^f) , 

1=1 

n 

cdxMn{h, . . .,h,f){x) = ^M„,(/ii, . . . ,xdxhi, . . . ,hn, f) + Mn {hi, . . .,hn,xdxf) 

i=l 
n 

-Y,Mn{hl,...,hnJ). 



i=l 



The first identity is (ID. 41 ). If h and / depend on time, one can similai^ly derive (ID.51 l from the last identity 
above. The estimates (ID. 61) and (ID.7I) follow by repeated applications of (ID. 41 ) and (ID. 51 ) and the estimate 
(1531) . □ 

D.1.2. Proof of Corollary \D.2\ The estimate ( ID.9I ) is an immediate consequence of the bounds ( ID.6I ) and 
(ID.7I) . To prove (ID. 101 ) it then suffices to prove 

||Ai?2(t)||^iVo-5 + WSKR^m <4(l + t)3fo-3/2. (D.21) 
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R2 



>4 



+ 



>2 



{M2{h, cl)) + M3(/i, h, + (^) + + 2|9,.|,/>(M3(/i, /i, (/>) + (/>)) 



(D.22) 



+ 



2(1 + 



2N-1/2- 



>2 



+ Af2(/i, (A) + M^ih, h, (/>) + Ri{h, (t>) + /i..<^x)' . 



To obtain the desired bound it suffices to apply appropriately Holder's inequality in combination with the a 
priori estimates (|4.131 l. the estimates ( I5.33I ) for M2, and ( I5.35I ) for M3, and the following L°° estimates: 

\\PkM2{h,^)\\^^ < + t)-i2^'2-^o'=+/2, (D.23) 

||PfcM3(/i>,(/.)||ioo <£?(! + 1)-3/22^'2-^«'=+/2. (D.24) 

The last two estimates above can be obtained by inspection of (14.81 ) and ( |4.9b using the a priori bounds 

D.1.3. Proof of Proposition ID. 3\ Given the expansion of M in (ID.16I) - (ID.18I) . the already established L^- 
based estimates, and the commutation property (ID.4I ). it is not hard to see that (ID.l II ) would follow if one 
can show that operators of the form 



Cl {hi,...,hn,f) :=p.v. 



- y) 



n+l 



-f{y)dy 



satisfy 



|9a;|4iJoCl(/il,...,/in,/) < mill ||/li||jy3 TT ||/lj||Ty2,oo||./ ||iy2 

1=1,. ..,n 



(D.25) 



The above estimate is in turn implied by 

. . . , hn, f)\\w^,i < . min ||/ii||j|^3 I I || 1^^2,00 lu Wh'^ ■ 

1=1,. ..,n 

Since the action of derivatives on operators of the type Ci produces operators of the same type (acting on 
derivatives of the arguments), it is enough to obtain 

||Ci(/ii,...,/i„,/)||^i < min ||/ii||H2 ITll^illH/i. -11/11^1 • 

1=1,. ..,n 

We only provide details of the proof of the above estimate in the case n = 1, that is 

h{y) - h{x) 



p.v. 



/(y) dy 



{y - x) 

as the case n > 2 can be treated similarly. Let us write 

h{x) - h{y) 



< 



(D.26) 



/ 



{x - yY 



Ii{x) : 
Hx) : 

h{x) := h'{x) 



f{y)dy = h+l2 + h 



\y-x\>i (y-x) 

h{y) - h{x) - h'{x){y - x) 
\y-x\<i [y-xf 

f{y) 



f{y) dy 



\y-x\<i y — X 



dy. 



(D.27) 
(D.28) 
(D.29) 
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Notice that Ii can be written as Ii = K * (hf) — hK * /, where K{x) := |x| '^X\x\>i is an L} kernel. It 
follows that 

II^iIIli ^ \\K*{hf)\\^, + \\h\\^4K*f\\^, < \\h\\^M^, , 

Using Taylor's formula and a change of variables we can write 



\y\<l Jo 



th"{x + ty) dtf{y + x)dy. 



It follows that 



/O J\y\<l 

For the last term (ID .291 1 we first write 



\h"{x + ty)\\f{y + x)\dxdydt<\\h"\ 



h = h'{x) 



fjy) - /(^) 
\y-x\<i y-x 



y\<lJO 



dy = h'{x) I I tf'{x + ty) dt dy 



and then estimate 



\h'{x)\\f'{x + ty)\dxdydt<\\h'\\L4f'\ 



'0 J\y\<l' 

This shows that (ID.26I ) holds and completes the proof of Proposition ID.3I 



L2 



□ 



D.2. Proof of (IE25]). For ?n G Zn [20,oo), k e Zn e [-?n/2,m/50 - 1000], |^| G [2*^, 2*^+1], h < t2 e 
[2""-i, 2™+i] n [0, T], we want to show 

e^^(«'")e*'^^(«)^(C, s) ds < ef 2-Pi'"(2^'= + 2(^i+i5)fc)-i. (d.30) 

Jti 



where 



R:=M3+JVi-M3. 



(D.31) 

with A3, A/4 and A/3 defined respectively in (I5.81 l. (|5.91 l and (I6.21 i. To prove (ID.30I ) we will use Lemma lD4l 
and lD.SI below. 

Lemma D.4. Let R be defined as in (ID.31I ). Under the a priori assumptions (15.231 ) on h and (f), we have for 



Wpo-lr,-{No-20)k+r)-l3k/4 



and 



\\PkR{t)h2 + \\PkSR{t)U, < +i)20po-3/22-(7Vo/2-20)fc+ 

Lemma D.5. Assume that a function D = t) satisfies for all t € [0, T] 

\\D{t)\\^, + \\SD{t)\\^,<d{l + t)-''/\ 



\D(t)\\^^<6{l+t) 



It follows that for k G Z, |^| E [2^ 2'=+^], m £ Z and h < t2 [2"" - 2, 2"+^] n [0, T] 



(D.32) 
(D.33) 

(D.34) 



t2 



eim,s)^isA{i)D(^^s)ds 



< 6(1 + 2-'=)2-™/i6 



(D.35) 



We now show how (ID. 301 ) follows from Lemma Id!4| and Id31 
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Proof of (Id301) . From (15321) we see that for |^| G [2^', 2^+^] one has 

r-i2 



< 2*^ sup \R{i, s)\ < ej2^0pom2-(No-20)k+2-^k/4 ^ 

se[2™-2,2'"+i] 



Given our choice of Nq and A^^i, the desired bound (ID.30I ) follows for k > 22po/{No — 80) and k < 
— 44po/3/3, with any pi < pQ. For the remaining frequencies 



ke [-44po/3/3,22po/(iVo-80)] 

we want to apply Lemma ID3] with 

D{C, t) = (2^'' + 2(^1+15)'=) PkR{^, t) 
and 5 = ef. From (ID.32I ) and (ID.33I ) we see that 

\Di^,t)\ < ^^)10po-l2-{iVo/2-50)fc+23/5fc/4 < + i)10po-l ^ 

\\Dit)\\L2 + \\SD{t)\\^, < efil + t)20po-3/2240fc+ < ^ ^)21po-3/2 



(D.36) 



under the restriction (ID.36I I. The hypothesis of Lemma D.5 1 are then satisfied, and the conlcusion (ID.35b 
implies 



t2 



<ef(2^>^ + 2^^^+'')A (1 + 2-'=) 2 



-m/16 



This gives (ID.30I ) in the considered frequency range (ID.361 l. by choosing pi < 1/16 — 44po/3/3. 



□ 



D.2.1. Proof of Lemma^M Since R = Mz+Mi- M3, from (|5^ . (IJ!9l ) and (|63] | we can write 

5 

R = Af4 + Y,^3,j 

j=l 

where we recall that 

Mi = Ri{h,(l)) + 2A{M3{h,h,(P) + Ri{h,(l)),h) 

+ iA [i?2(/i, (p) + B{h, Qsi^, h, ct>) + R2{h, 0)) + BiM-sih, h, 4>) + ,^), 0)] , 

and we have defined 



(D.37) 





= M3(/l,/l,0)- 


-Ms{H,H,^), 


(D.38) 


A/3,2 


= 2^(M2(/i,</.) 


h)-2A{M2{H,^),H), 


(D.39) 


A/3,3 


= iA [Q3(0,/i,(/ 


)-Qs{^,H,^)] , 


(D.40) 


A/3,4 


= iA [B{M2{h, 


i,),(l))-B{M2{H,^),^)] , 


(D.41) 


A/-3,5 


= iA [B{h,Q2{^ 


b,(t>))-B{H,Q2{^,m . 


(D.42) 



Proof of (ID.32I ). We start by proving that each term in is bounded by the right hand side of (ID.32I ). 
The bound for Ri = [G(/i)0]>4(t) is an immediate consequence of the estimate (ID.12I) . The bound for 
AR2 can be obtained from (ID .221 ) using Cauchy's inequality and the bounds for M2, M3 and Ri given 
respectively in (I5.331 l. (15.351 ) and (ID.9I ). From the definition of A in (I5.1I )- (I5.2I ) we see that for any integer I 



PkAiF,G) 



< 2 



licil 



(D.43) 
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Using the bounds (15.351 ) on A/3, (ID.9I ) on Ri, and the a priori assumptions, it immediately follows that 

/V4(M3(/i, h, 0) + Ri{h, 0), h)\ < 2-W'-io)fc+ ii^jg + i?i||^iVo-9 ||/i||HiVo-9 

Similarly, from the definition of B in (I5.1I )- (I5.3I ) we have 



< 2 



PkB{F,G) 
Using again (15.351) and (ID. 101 ) we get 

T [PkAB{h, Q-i{^, h, + R2{h, (t>)) + PkAB{Ms{h, h, 0) + Ri{h, 0), </.)] 



(D.44) 



\dx{Q3 + -R2)|liyJVo-iO + 11-^3 + 11^: 



We now estimate the terms (ID.38I )- (ID.42I ). From (14.171 ) we see that 

-A/3,1 = M3(^, h, (A) + M3(ii', A, cj)) + M3(if, 
From the definition of M3 in ( 14.91 ) we see that for any integer < / < A'^q — 10 



(D.45) 



PkM3{E,F,G) 



ll^ll 



\F\\m+4dxG\\ 



\dxG\\fjl+2 + ||-E||j|^i+2 ||-F|lj:^i+2 



IP.IGII ^]Vo/2-5,o 

(D.46) 

Applying this together with the L°° bounds (15.271 ) on A and A5, the apriori bounds (I5.231 l. (I4.251 l and (I4.26l l. 
one can obtain the desired bound for each of the three terms in ( ID.45I) . 
To estimate (ID. 391 ) we write 

-^A/3,2 = A{M2{A, ^),h)+ A{M2{H, B),h)+ A{M2{H, ^),A). 



Notice that for any integer < / < A^o — 10 



|PfcM2(F,G)||^. <2-''=+2'= 



/2-5,oo 



+ lli^l 



iy^o/2-5,< 



\dxG\\ 



Hi 



(D.47) 



Using (ID.43I ). (ID.47I ). the estimates for yl in (15.261 ) and (15.271) . and Proposition l42l we get 
To bound iV3 3 in (ID. 401 ) we first write it as 



3,3 



A 



We then notice that for any integer < Z < A'^o — 10 one has 



PkQ3{E,F,G) 



< 2 



-Ik^ 



\dx\E\ 



Vl/^0/2-5,< 



I C^X G 1 1 j:, 



i+3 



|^iVo/2-5,( 



\dxG\\ 



(D.48) 



(D.49) 



One can that then bound each one of the three summands in (ID.48I ) by using the above estimate together 
with Proposition 1121 (l5^ . (IIl6l ) and (15^ . 
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(ID .411 ) can be estimated in a similar fashion to what we have done above by writing out the difference as 
sums of quartic terms, and using (ID.44l i together with (ID.47l i. (I5.26I ). (15.271 ) and Proposition 14.21 The term 
(ID .42b can also be estimated similarly by using in addition 



(D.50) 



\\PkQ2{F.G)\\L,<2-'^+\^\d.,F\\H,{\\d,G\\^N,/2-,^^ 
for any < / < iVo - 10. 

Proof of (ID. 331 ). First observe that from (ID.lOl i we already have the desired bound for i?i and Ai?2- To bound 
the three remaining contributions from iV4 in (ID. 371 ) and the five terms ( |D.38l )-( |D.42b we first observe that 
for r = 1 or S we have the following estimates: 

\\TPuA{Pk,F,Pk,G)\\^2 



< 2fc2-(^o/2-io)fc+ 



^iVQ/2— 10,0 



(D.51) 



(D.52) 



(D.53) 
(D.54) 



+ ||-Pfci-^|lvK^0/2-10,cx) ||rPfc2G'||j:^iVo/2-10 

\\TPkB{Pk,F,Pk,G)\\ 

< 2-(^0/2-10)fe+ J ^ \\Pk,F\\HN,/2-U.) 2'=-||Pfe,G||^iVo/2-10,o 

+ \\PkiF\\^,NQ/2-10,^2^'^ {\\^ Pk2G\\HNQ/2^W + \\Pk2G\\HNQ/2-w) 

We also have the following L°° estimates for M3 and (^s: 

\\PkM^{Pk,E,Pk,F,Pk,G)\\L^ 

<^^-{N,/2-15)k^^k^k,^r...{k,MM)\\p^^E\\^^,^^^^^^ 
\\PkQ^{PkiE , Pk^F, -Pfc3G)||^oo 
^^-{N,/2-l^)k+^k,^k,^r^.^{k,M)\\p^^E\\^^^^ 

From the homogeneity of degree 2 of M2 and Q2, and of degree 3 of M3 and Q3, one can obtain identities 
similar to (15.281 ) for the symbols of these operators, and deduce the following analogues of the commutation 
identities ( 15.291 ): 

SM2{F, G) = M2iSF, G) + M2(F, SG) - 2M2{F, G) , 

SQ2{F, G) = Q2{SF, G) + Q2{F, SG) - 2Q2{F, G) , 

SMs{E, F, G) = MsiSE, F, G) + MsiE, SF, G) + MsiE, F, SG) - 3M2{E, F, G) , 
SQsiE, F, G) = QsiSE, F, G) + Qs{E, SF, G) + QaiE, F, SG) - 3Q2{E, F, G) . 

One can then use (ID.51l )- (ID.54b together with the commutation identities ( 15.291 ) and (ID. 551 ). the estimates 
(15.231 ). (15.331 ) and (15.351 ). (ID. 10b . and argumets similar- to those used above and in section \5A[ in particular 
in the proof of Lemma [531 to obtain 

WPkM^L^ + WPkSM.h^ + ^ \\PkM3J\L2 + \\PkSMs,\\L^ < efil + t)20po-3/22-(A.o/2-20)fc+ 

which is the desired conclusion. □ 
D.2.2. Proof of Lemma\D3\ For h < t2 e [2™ - 2, 2"*+^] and |^| G [2^', 2^+^] let us define 



(D.55) 



F{0 



t2 
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We then have 

\m\ < \\^-'nLH\.\<2-/^) + ii-^-'^iIli(|.i>2W2) < 2"^/^f\\^, + 2-"^/'2-'^ud^F\\^, . 

Thus, to obtain (ID.35I) it suffices to show the following two estimates: 

||F||^2 < 52-3™/8 (D.56) 
lie^^Fll^, <<522i-P«. (D.57) 

(ID.56I) can be easily verified using the bound in (ID.34I) . To prove (ID.57I ) we write: 

Jti 

F3{0 = \ f^' e^^«'^)s9, (e-^(«)5(e, s)) ds , 

having denoted S{5) := ^d^ — \sds\ notice that S{5)f{^) = —Sf{£) — f{i), where S is the scaling 
vector field. Using the definition of H in (16.101 ) and the apriori assumptions, it is easy to see that for 

s G [2™ - 2,2™+i] one has 

||M(e,^)IL^<2— . 

Using the first bound above and the bound in (ID. 341 ) we see that 

II^^iIIl^ < r \mH{s)\\^4D{s)\\^^ ds < J2-2-^'°2-(20po-i) < s2^im.po ^ 

as desired. Since [{£,3^ — \sds) , e***"^^^'] = 0, we can use the bounds in (ID. 341) to deduce 

m\L^< r \\D{s)\\^, + \\SD{s)\\^,ds<5, 
Jti 

which is more than sufficient. To estimate F^ we integrate by parts in s, use the second bound in ( ID.59I ) and 
(ID.34I) to obtain: 

llFsll^, <2- sup \\D{s)\\l,+ r s\\dsH{^,s)\\^^\\D{s)\\L,ds<S. 

sG[2'"-2,2'"+1] Jti 

This proves (ID. 571 ) and concludes the proof of the Lemma. □ 
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